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Abstract. — We prove a quantitative version of a result of Furstenberg [21]
and Deligne [14] stating that the diagonal of a multivariate algebraic power
series with coefficients in a field of positive characteristic is algebraic. As a
consequence, we obtain that for every prime p the reduction modulo p of the
diagonal of a multivariate algebraic power series f with integer coefficients is
an algebraic power series of degree at most p4 and height at most Ap?, where
A is an effective constant that only depends on the number of variables, the
degree of f and the height of f. This answers a question raised by Deligne
[14].

Résumé. — Nous démontrons une version quantitative d’un résultat de
Furstenberg [21] et Deligne [14] : la diagonale d’une série formelle algébrique
de plusieurs variables a coefficients dans un corps de caractéristique non nulle
est une série formelle algébrique d’une variable. Comme conséquence, nous
obtenons que, pour tout nombre premier p, la réduction modulo p de la di-
agonale d’une série formelle algébrique de plusieurs variables f a coefficients
entiers est une série formelle algébrique de degré au plus p** et de hauteur au
plus Ap?, olt A est une constante effective ne dépendant que du nombre de
variables, du degré de f et de la hauteur de f. Cela répond a une question
soulevée par Deligne [14].
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1. Introduction

A very rich interplay between arithmetic, geometry, transcendence and com-
binatorics arises in the study of homogeneous linear differential equations and
especially of those that “come from geometry” and the related study of Siegel
G-functions (see for instance [4, 17, 24, 32, 33, 35| for discussions that em-
phasize these different aspects). As an illustration, let us recall a few of the
many classical results attached to the differential equation

H(t— (1) + (26— 1/ (1) + Ju(t) =0,
e This differential equation has (up to multiplication by a scalar) a unique
solution that is holomorphic at the origin. This solution is a classical
hypergeometric function

00 2
A0 =2R0/21/2 10 = 350 () e ).

n
n=0

e [t has also the following integral form:
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is an elliptic integral and a period in the sense of Kontsevich and Zagier
[24].

e For nonzero algebraic numbers ¢ in the open unit disc, f1(¢) and 7 f1(t) are
both known to be transcendental (see for instance the complete survey
[36]). In particular, the function f; is a transcendental function over the

field Q(t).

e This differential equation comes from geometry: it is the Picard—Fuchs
equation of the Legendre family of elliptic curves & defined by the equa-
tion y? = x(x — 1)(x — t).

e The Taylor expansion of f; has almost integer coefficients. In particular,

00 2
hon =Y () < 2

n=0

corresponds to a classical generating function in enumerative combina-
torics (associated for instance with the square lattice walks that start
and end at origin).

A remarkable result is that, by adding variables, we can see fi as arising
in a natural way from a much more elementary function, namely a rational
function. Indeed, let us consider the rational function

2 2

2—:171—3)2 2—:173—3)4‘

R(Ilfl, x2,x3, $4) =

Then R can be expanded as

_ Cs s 11,92 ,,13 .04
R = E a(iy,i2,143,14) ] 5 w5 Ty

(i1,i2,i3,i4) EN?

— Z o~ (i1+ia+iz+is) <Zl + 12> <23 M Z4> gl

R 11 13
(i1,i2,i3,i4)EN4

Collecting all the diagonals terms, we easily get that

[e.9]

A(R) = Z a(n,n,n,n)t" = fi(t).

n=0
More formally, given a field K and a multivariate power series

flze, ..., zp) = Z ali, ... in)xtt - ate

(i1, in) ENT
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with coefficients in K, we define the diagonal A(f) of f as the one variable
power series

A(£)(E) = a(n,...,n)t" € K[[H]].
n=0
Another classical example which emphasizes the richness of diagonals is the
following. The power series

p=35 (1) (") e

n=0 k=0

is a well-known transcendental G-function that appears in Apéry’s proof of
the irrationality of ((3) (see [19]). It is also known to satisfies the Picard—
Fuchs equation associated with a one-parameter family of K3 surfaces [6].
Furthermore, a simple computation shows that fs is the diagonal of the five-
variable rational function

1 1

T—zy (1—22)(1 —23)(1 — 2)(1 — 25) — 212273 € Zlz1,.. -, w5]].

These two examples actually reflect a general phenomenon. In the case
where K = C, diagonalization may be nicely visualized thanks to Deligne’s
formula [14] via contour integration over a vanishing cycle. Formalizing this
in terms of the Gauss—Manin connection and De Rham cohomology groups,
and using a deep result of Grothendieck, one can prove that the diagonal of
any algebraic power series with algebraic coefficients is a Siegel G-function
that comes from geometry, that is, one which satisfies the Picard—Fuchs type
equation associated with some one-parameter family of algebraic varieties [4,
10]. As claimed by the Bombieri-Dwork conjecture, this is a picture expected
for all G-functions. Diagonals of algebraic power series with coefficients in Q
thus appear to be a distinguished class of G-functions. Originally introduced
in the study of Hadamard products [7], diagonals have since been studied by
many authors and for many different reasons [8, 9, 10, 14, 15, 21, 25, 26,
32, 33).

Remark 1.1. — The same power series may well arise as the diagonal of
different rational functions, but it is expected that the underlying families of
algebraic varieties should be connected in some way, such as via the existence
of some isogenies (see the discussion in [10]). For instance, fi(t) is also the
diagonal of the three-variable rational function

4
4 — (:El —|—l‘2)(1 —|—l‘3) ’
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while fo(¢) is also the diagonal of the six-variables rational function
1
(1 - l‘liﬂg)(l — X3 — T4 — $1l‘3$4)(1 — X5 — T — $2l‘5l‘6)

When K is a field of positive characteristic, the situation is completely
different as shown the following nice result.

Definition 1.1. — A power series f(x1,...,2,) € K[[z1,...,2,]] is said to
be algebraic if it is algebraic over the field of rational functions K (z1,...,z,),
that is, if there exist polynomials Ag, ..., A, € Klz1,...,z,], not all zero, such
that > 10 Ai(@1,. .. zn) f(x1,...,2n)" = 0. The degree of f is the minimum
of the positive integers m for which such a relation holds. The (naive) height
of f is defined as the minimum of the heights of the nonzero polynomials
P(Y) € K[z1,...,z,)[Y] that vanish at f, or equivalently, as the height of the
minimal polynomial of f. The height of a polynomial P(Y) € K[z1,...,z,][Y]
is the maximum of the total degrees of its coefficients.

Theorem 1.1 (Furstenberg—Deligne). — Let K be a field of positive char-
acteristic. Then the diagonal of an algebraic power series in K|[x1,...,x,]] is
algebraic.

Furstenberg [21] first proved the case where f is a rational power series
and Deligne [14] extended this result to algebraic power series by using tools
from arithmetic geometry. Some elementary proofs have then been worked out
independently by Denef and Lipshitz [15], Harase [22], Sharif and Woodcock
[29] (see also Salon [27]). The present work is mainly motivated by the follow-
ing consequence of Theorem 1.1. Given a prime number p and a power series
f(z) =32 ga(n)x™ € Z[[x]], we denote by f, the reduction of f modulo p,
that is

fip() =Y _(a(n) mod p)a” € Fy[[]].
n=0
Theorem 1.1 implies that if f(z1,...,2,) € Z[[z1,...,2,]] is algebraic over

Q(21, ..., 2n), then A(f), is algebraic over F,(x) for every prime p. In par-
ticular, both the transcendental functions f; and fs previously mentioned have
the remarkable property to have algebraic reductions modulo p for every prime
D.

It now becomes very natural to ask how the complexity of the algebraic
function A(f)|, may increase when p run along the primes. A common way to
measure the complexity of an algebraic power series is to estimate its degree
and its height. Deligne [14] obtained a first result in this direction by proving
that if f(x,y) € Z[[x,y]] is algebraic, then, for all but finitely many primes p,
A(f)|p is an algebraic power series of degree at most Ap®, where A and B do
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not depend on p but only on geometric quantities associated with f. He also
suggested that a similar bound should hold for the diagonal of algebraic power
series in Z[[x1,...,xy,]]. Our main aim is to provide the following answer to
the question raised by Deligne.

Theorem 1.2. — Let f(z1,...,2y) € Z[[x1,...,x,]] be an algebraic power
series with degree at most d and height at most h. Then there exists an effective
constant A := A(n,d, h) depending only on n, d and h, such that A(f), has

degree at most p* and height at most Ap?, for every prime number p.

Ip

Theorem 1.2 is derived from the following quantitative version of the
Furstenberg—Deligne theorem.

Theorem 1.3. — Let K be a field of characteristc p > 0 and let f be an
algebraic power series in K[[x1,...,x,]] of degree at most d and height at
most h. Then there exists an effective constant A := A(n,d, h) depending only
onn, d and h, such that A(f) has degree at most p?* and height at most Ap”.

Note that, given a power series f € Z[[z]], the degree and the height of
flp are always at most equal to those of f. Furthermore, diagonalization
and reduction modulo p commute, that is A(f);, = A(f},). This shows that
Theorem 1.3 implies Theorem 1.2.

Remark 1.2. — Note that if f(z) € Z[[z]] satisfies a nontrivial polynomial
relation of the form P(f) = 0 mod p, then we also have the following nontrivial
polynomial relation P™(f) = 0 mod Z/p™Z. Thus if a power series is algebraic
modulo p with degree at most d and height at most A, it is also algebraic
modulo p™ for every positive integer m with degree at most md and height
at most mh. Under the assumption of Theorem 1.2, we thus have that fj,m
is an algebraic power series of degree at most mp“ and height at most mAp?
for every prime p and every positive integer m.

Theorem 1.3 actually implies a more general statement given in Theorem 1.4
below. We recall that a ring R is a Jacobson ring if every prime 8 € Spec(R)
is the intersection of the maximal ideals above it. The general form of the
Nullstellensatz states that if S is a Jacobson ring and R is a finitely generated
S algebra, then R is a Jacobson ring and each maximal ideal 9 in R has the
property that 9 := S NI is a maximal ideal of S and, moreover, R/ is a
finite extension of S/MV (see [18, Theorem 4.19]). Let R be a finitely generated
Z-algebra and let f(z) := ) _ya(n)z" € R[[z]]. Since Z is a Jacobson ring,
we have that R is also a Jacobson ring and every maximal ideal 9 of R has
the property that R/9t is a finite field. In particular, if 9t is a maximal ideal
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of R and f(z) =Y 2 ,a(n)z"™ € R[[z]], the power series

fim = Z(a(n) mod )z"

n=0

has coefficients in the finite field R/M1.

Theorem 1.4. — Let K be a field of characteristic 0 and f(x1,...,x,) €
Kl[x1,...,2,]] be an algebraic power series with degree at most d and height
at most h. Then there exists a finitely generated Z-algebra R C K such that
A(f) € R][z]]. Furthermore, there exists an explicit constant A := A(n,d, h)
depending only on n, d and h, such that, for every maximal ideal M of R,
A(f)jm is an algebraic power series of degree at most p? and height at most

Ap?, where p denotes the characteristic of the finite field R/ON.

Remark 1.3. — If Ris a finitely generated Z-algebra, then for all but finitely
many primes p, the ideal pR is proper and hence there are maximal ideals M
such that R/M is a finite field of characteristic p. This follows from a result of
Roquette [34] stating that the units group of a finitely generated commutative
Z-algebra that is a domain is a finitely generated abelian group, while distinct
primes p1,...,pr generate a free abelian subgroup of Q* of rank k. It follows
that if K is a field of characteristic 0 and f(z1,...,2,) € K|[[z1,...,2,]] is
algebraic then, for almost all primes p, it makes sense to reduce A(f) modulo
p and Theorem 1.4 applies.

Regarding Theorem 1.2, one may reasonably ask about the strength of an
upper bound of type p?. For instance, it is not too difficult to see that both f;
and fo have degree at most p—1 when reduced modulo p. Curiously enough, we
do not find any trace in the literature of any explicit power series f(z) € Z[[z]]
known to be the diagonal of an algebraic power series and for which the ratio
deg(fip) /p is known to be unbounded. In general, it seems non-trivial, given
the diagonal of a rational function, to get a lower bound for the degree of its
reduction modulo p. As a companion to Theorem 1.2, we prove the following
result that provides explicit examples of diagonals of rational functions whose
reduction modulo p have rather high degree.

Theorem 1.5. — Let s be a positive integer and let
6+s—1 1
Ry = € Zl|x1, ..., Ters—1]] -
S Z:ﬁ 1 o (:1;1 + . + []jr) [[ 1 6+S 1]]

Then A(Rs)), is an algebraic power series of degree at least p/2 for all but
finitely many prime numbers p.
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In particular, for any positive number N, there exists a diagonal of a rational
function with integer coefficients whose reduction modulo p has degree at least
p™V for all but finitely many prime numbers p.

This shows that the upper bound obtained in Theorem 1.2 is “qualitatively
best possible”. Of course, we do not claim that the dependence in n, d and h of
the huge constant A(n,d, h) that can be extracted from the proof of Theorem
1.2 is optimal: this is not the case.

The outline of the paper is as follows. In Section 2, we describe the strategy
of the proof of Theorems 1.2, 1.3 and 1.4. In Section 3, we explain why
we will have to work with fields of multivariate Laurent series and not only
with ring of multivariate power series. Such fields are introduced in Section
4 where estimates about height and degree of algebraic Laurent series are
obtained. Sections 5, 6 and 7 are devoted to the proof of Theorem 1.3. We
prove Theorem 1.5 in Section 8. We discuss some connections of our results to
enumerative combinatorics, automata theory and decision problems in Section
9. Finally, we remark in Section 10 that our proof of Theorem 1.5 incidentally
provides a result about algebraic independence of G-functions satisfying the
so-called Lucas property. The latter result is of independent interest and we
plan to return to this question in the future.

2. Strategy of proof

In this section, we briefly describe the main steps of the proof of Theorem
1.3.

Throughout this section, we let p be a prime number, we let K be a field of
characteristic p, and we let

flxr,..o ) = Z a(i, ... ip)x} - ar
(91,ee.yin )EN™
be a multivariate formal power series with coefficients in K that is algebraic
over the field K(x1,...,x,). We assume that f has degree at most d and
height at most h. Our goal is to estimate the degree of the diagonal of f with
respect to p. Note that without loss of generality, we can assume that K is a
perfect field, which means that the map x — 2P is surjective on K.

Step 1 (Cartier operators). The first idea is to consider a family of op-
erators from K[[z1,...,z,]| into itself usually referred to as Cartier operators
and which are well-known to be relevant in this framework (see for instance
(12, 29, 22, 1]). Let

g(x1,.. . my) = Z bi, ..., in)xl - ale
(ilv"'vi”l)eNn
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be an element of K[[z1,...,x,]]. Forallj:= (ji,...,jn) € ¥} :={0,1,...,p—

1}", we define the Cartier operator Aj from K{[x1,...,x,]] into itself by
Aj(g) = Z b(piy + i, s Pin + jn) P2zl
(i1,...,in )EN™

Let us denote by €2,,, or simply € if there is no risk of confusion, the monoid
generated by the Cartier operators under composition.

In Section 5, we show that the degree (resp. the height) of A(f) can be
bounded by pV (resp. N pV ) if one is able to find a K-vector space contained
in K[[x1,...,z,]] of dimension N, containing f and invariant under the action
of Cartier operators. This is the object of Propositions 5.1 and 5.2. In order
to prove Theorem 1.3, it will thus be enough to exhibit a K-vector space V'
such that the following hold.

(i) The power series f belong to V.
(ii) The vector space V is invariant under the action of .

(iii) The vector space V has finite dimension N that only depends on n, d
and h.

Remark 2.1. — The more natural way to construct an Q-invariant K-vector
space containing f is to use Ore’s lemma, that is, to start with the existence

of a relation of the form
ST A =0,
k=0

where the Ap’s are polynomials. This classical approach is for instance used
in [12, 29, 22, 1]. Furthermore, it can be made explicit in order to bound
the dimension of the Q-invariant vector space one obtains (see for instance
[22, 1]). Unfortunately the bound depends on p. This attempt to answer
Deligne’s question can be found in [22] where Harase proved that there exists

a number A, depending on n, d and h, such that A(f) has degree at most p”A.

Step 2 (The case of rational functions). In the special case where f is a
rational function, we are actually almost done for it is easy to construct a K-
vector space V satisfying (i), (ii) and (iii). Indeed, if f is a rational power series
there exist two polynomials A and B in K[zq,...,z,], with B(0,...,0) =1,
such that f = A/B. By assumption, we can assume that the total degree of
B and A are at most h. Then it is not difficult to show (see Section 7) that
the K-vector space

V .={P(x1,...,2,)/B(x1,...,2,) | deg(P) < h} C K(x1,...,2y)
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is closed under application of the Cartier operators. Furthermore, V has di-
mension (":h) We thus infer from Propositions 5.1 and 5.2 that A(f) is an

algebraic power series of degree at most p(nzh) and height at most (”;'L'h) p(nzh).
Step 3 (Rationalization). When f is an algebraic irrational power series,
the situation is more subtle. We would like to reduce to the easy case where f
is rational. To achieve this, the idea is to add more variables. Indeed, Denef
and Lipshitz [15], following the pioneering work of Furstenberg [21], showed
that every algebraic power series f in K[[xy,...,x,]] arises as the diagonal
of a rational power series R in 2n variables. Formally, this means that there
exists

_ § : : : i in , int1
R($17"'7xn7y17"'7yn) - T(Zlv"'a’@n)xll"'$¢Lny1n "'y22n
(il,---7i27l)€N2n
in K(z1,...,%n,Y1,---,Yn), such that
Ajpp(R) = E 701,y in, 01, .y ip)ay -y = f .

(ilv---yin)ENn

Since A(R) = A(f), we are almost done, as we could now replace f by R and
use the trick from step 2. The problem we now have is that this rationalization
process is not effective. In particular, it does not give a bound on the height
and degree of the rational function R in terms of the height and the degree
of the algebraic power series f we started with. In order to establish our
main result, we need to give an effective version of this procedure. Though
our approach differs from that used by Denef and Lipshitz it nevertheless
hinges on Furstenberg’s original work. The main issue of Section 6 is to prove
Theorem 6.1, which shows that one can explicitly control the height of the
rational function R in terms of n, d and h only.

Remark 2.2. — Actually, we do not exactly obtain an effective version of
the theorem of Dened and Lipshitz. What we really prove in Section 6 is that
every algebraic power series in n variables arises as the diagonal of a rational
function in 2n variables which does not necessarily belong to the ring of power
series but to a larger field: the field of multivariate Laurent series. Elements of
such fields also have a kind of generalized power series expansion (so that we
can naturally define their diagonals). Note that these fields naturally appear
when resolving singularities (see [28]). We introduce them in Section 4 and
we explain why it is necessary to use them in the next section.
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3. Comments on Furstenberg’s formula

In this section, we explain why we have to work with fields of multivariate
Laurent series in order to describe our effective procedure for rationalization
of algebraic power series.

3.1. The one-variable case. — Furstenberg [21] gives a very nice way to
express a one-variable algebraic power series as the diagonal of a two-variable
rational power series. Though the intuition for his formula comes from residue
calculus in the case where K = C, it remains true for arbitrary fields.

Proposition 3.1 (Furstenberg). — Let K be a field and f(z) € K[[z]] a
formal power series with no constant term. Let us assume that P(x,y) €
Klz,y] is a polynomial such that P(x, f) =0 and OP/0y(0,0) # 0. Then the
rational function

R(z,y) := yzg—];(wy,y)/P(:vy,y)
belongs to K[[z,y]] and A(R) = f.

Let us now give an example where Furstenberg’s result does not apply di-
rectly. The algebraic function f(x) = zv/1 — x has a Taylor series expansion
given by

fx)=2—2%/2—23/84--- € Q[[z]].

We thus have P(z, f) = 0 where P(x,y) = y> — 2%(1 — ). Notice that we
cannot invoke Proposition 3.1 as dP/dy vanishes at (0,0). However, there is
a natural way to overcome this problem which always works with one-variable
power series. Let us write f(z) = Q(z) + 2'g(x), where Q(z) is a polynomial
and g(x) is a power series that vanishes at = 0. If 7 is chosen to be the order
at = 0 of the resultant of P and 0P/0y with respect to the variable y, then
g satisfies the conditions of Proposition 3.1. In our example, the resultant is
(up to a scalar) equal to 22(1 — z) and so the order at x = 0 is 2. We thus
write

fa) = —a/2 4 2°g(x)
and we see that g satisfies the polynomial equation

4xg(z)® +4(2 — 2)g(z) +2 = 0.

Set Pi(z,y) := 4xy? + (8 — 4x)y + x. As claimed, one can check that the
partial derivative of P, with respect to y does not vanish at (0,0). Applying
Furstenberg’s result, we obtain that g is the diagonal of the rational function

T(x,y) = y*(8zy? + 8 — dzy) /(4zy® + 8y — dxy® + xy) .
Note that T'(z,y) can be rewritten as

é . (8xy3 +8y—4xy2) (1—ay/2 —zy?/2 —|—x/8)_1 ,
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which shows that it can be expanded as a power series. Finally, we get that f
is the diagonal of the rational power series

R(z,y) = zy — 2®y*/2 + 2*y*T(2,y) € Qllz, y]].
3.2. A two-variable example. — In the case where f is a multivariate
algebraic power series, we still would like to use Furstenberg’s formula, but

new difficulties appear. Let us now consider a two-variable example to see why
the previous trick could fail in this case. Consider the algebraic power series

flz.y) = (y+22)\/1 - 3y.
It has the following power series expansion:
3
fley) =y+ 22— Sy* = 3yz + - € Qllz,y]].
Clearly, f satisfies the polynomial equation P(z,y,z) = 0 where
P(z,y,2) = 22 —y? + 3y — dyx + 12y%x — 42% + 12922 .

Unfortunately, we cannot invoke the natural extension of Furstenberg’s for-
mula in this case as the partial derivative of P with respect to z vanishes at
the origin.

Remark 3.1. — Denef and Lipschitz [15] get around this problem by noting

that, given a field K, the ring of algebraic power series in K|[[z1,...,x,]]
is the Henselization of the local ring R = Klz1,...,zy]|p, where M is the
maximal ideal (xy,...,2,). The Henselization is a direct limit of finite étale

extensions and hence the ring R[f], formed by adjoining f to R, lies in a finite
étale extension B of R. Because B is a locally standard étale extension, it
is possible to find a generator ¢ for the localization of B at a maximal ideal
of B above M such that ¢ satisfies the conditions needed in order to apply
Furstenberg’s formula. Moreover, f lies in B and hence it can be expressed
as a R-linear combination of powers of ¢. This is enough to express f as the
diagonal of a rational power series in K{[z1,...,Zpn,y1,-..,Ys]]. However, as
previously mentioned, this argument is not effective.

Remark 3.2. — All one really needs is to be able to make the ring
K[x,y,z]/(P) smooth at the origin. While there are supposedly “effective”
ways of resolving singularities (at least in characteristic zero), they are rather
sophisticated and it is not clear that these methods apply in positive charac-
teristic. In the case that one is dealing with a one-dimensional variety, it is
quite simple, as evidenced by the one-variable example above. The solution is
to reduce to a one-dimensional example, by localizing K|z, y, z]/(P) at the set
of nonzero polynomials in  and embedding this in the one-dimensional ring
K((x))[y, 2]/(P). This seems to be the simplest way to make things effective.
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Let us come back to our example and try to apply the approach outlined
in the previous remark. Let L := Q((z)) denote the field of Laurent series
with rational coefficients and consider P as a polynomial in Ly, z] and f as
a power series in L[[y]]. Note that f is no longer zero at (y,z) = (0,0), as it
now has constant term fy(x) = 22 € L. Thus we must write

f(z,y) =2z + g(x,y),

where g € L[[y]] vanishes at y = 0 and satisfies the polynomial equation
Q(z,y,9) =0, where

Q(z,y,2) = 2° + 4wz + y(122° — 4o + 122y — y + 35°) .

Note that in general f; will be an algebraic power series in one-variable and
by the algorithm described in 3.1 it can be effectively written as the diagonal
of a two-variable rational power series. Hence we may restrict our attention
to g.

The partial derivative of Q) with respect to z is 2z +4x. When we set y and
z equal to zero, we obtain 4z # 0. We can thus use Furstenberg’s formula if
we work in L[[y, z]]. Set
20Q

R(ﬂj‘,y, Z) =z E(xd/z) Z)/Q(ZE,yZ,Z) € Q(:Evyvz) .

We thus have
2(2z + 4x)

R = '
(,y,2) = - + 4z + y(1222 — 4z + 122yz — yz + 3y222)

Note that R cannot be expanded as a power series and thus does not belong
to Q|[[x,y,z]]. However, it turns out that it has a generalized power series
expansion as an element of the bigger field Q((z,y,z)) (see Section 4 for a
definition). Furthermore, g turns out to be the diagonal of R in this bigger
field. Finally, we can show that f(z,y) is the diagonal of the 4-variable rational
function

St + 2(2z + 4xt)
;U .
2 + dat + y(1222¢2 — 4ot + 12zy2t — yz + 3y?22)

Again, this rational function belongs to Q((z,y, z,t)) but not to Q|[x, y, z, t]].

Remark 3.3. — In general, it may happen that the partial derivative of @
with respect to z vanishes at (y,z) = (0,0). In that case, we compute the
resultant of @ and Q) /0z with respect to the variable z. It will be of the form
y®S for some S that is a unit in L[[y]]. We can then use the algorithm given
above in the one-variable case, and rewrite

9(@,y) = ygo(x) + y’g1(x) + - + ¥ ga(x) + y*h(2,y),
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where go, . .., g are one-variable algebraic power series and h € L[[y]] vanishes
at y = 0. Again, we can effectively write go, ..., g, as diagonals using the one-
variable argument. So we may restrict our attention to h. In this case, we find,
by the same reasoning as in the one-variable case, that h satisfies the conditions
of Proposition 3.1 and so we can put all the information together to finally
express [ as a diagonal of a generalized Laurent series in Q((z,y, z,t)). In the
general case where f is a multivariate algebraic power series with coefficients
in an arbitrary field, we argue by induction and use the same ideas combining
resultants and Furstenberg’s formula.

4. Fields of multivariate Laurent series

In this section, we introduce fields of Laurent series associated with a vector
of indeterminates following the presentation of Sathaye [28].

4.1. Fields of Laurent series. — Let K be a field. We first recall that the
field of Laurent series associated with the indeterminate x is as usual defined
by

K((z)) := {Z a(i)x® | ng € Z and a(i) € K} .

We then define recursively the field of multivariate Laurent series associated

with the vector of indeterminates x = (x1,...,2,) by
K((x)) == K({(z1, 22, .., 2p—1))) ((20)) -
In order to simplify the notation, we will write in the sequel K ((x1,z2,...,2y))

instead of K(((x1,xa,...,2,))).

Warning. We are aware that the notation K ((zi,za,...,x,)) is used in
formal language theory to denote the ring of noncommutative formal power
series in the variables x1,xo,...,x,. However, since this paper deals with
commutative variables only, we hope that this will not lead to any kind of
confusion.

Let us give a more concrete description of this field. We first define a
pure lexicographic ordering < on the monomials of the form 7' -- -zl with
(i1,...,4n) € Z™ by declaring that

Ty < Tg << Ty

This induces a natural order on Z", which, by abuse of notation, we denote
by < so that

(il,...,’in) =< (]1,,jn)



DIAGONALIZATION AND RATIONALIZATION 15

if these n-tuples are distinct and if the largest index k such that ix # ji
satisfies i, < jg. Then it can be shown that the field K((x)) can be described
as the collection of all formal series

flzy,...;zn) = Z aliy, ... ip)att - aie

(i17---,in)EZ”

whose support is well-ordered, which means that it contains no infinite de-
creasing subsequence. We recall that the support of f is defined by

Supp(f) :={(i1,...,in) € Z" | a(iy,...,in) # 0} .

Definition 4.1. — Note that the valuation on Klz1,...,x,] induced by
the prime ideal (z,) extends to a valuation on K ((x1,...,zy)). We let v,
denote this valuation and we let K ((x1,...,zn—_1))[[zs]] denote the subring of
K{(z1,...,zy)) consisting of all elements r with v, (r) > 0.

4.2. Algebraic Laurent series. — Given an n-tuple of natural num-
bers (i1,...,4,) and indeterminates z1,...,x,, the degree of the monomial
xil ---xin is the nonnegative integer i; + --- + iq. Given a polynomial P in
Klzy,...,zy], the degree of P, deg P, is defined as the maximum of the de-
grees of the monomials appearing in P with nonzero coefficient. A central
notion in this paper is that of algebraic multivariate Laurent series, that is
element of K {(x1,...,x,)) which are algebraic over the field of rational func-

tions K(x1,...,x,).

Definition 4.2. — We say that f(z1,...,2,) € K{(z1,...,z,)) is algebraic
if it is algebraic over the field of rational functions K (z1,...,z,), that is, if
there exist polynomials Ay, ..., A, € K|x1,...,2,], not all zero, such that

ZAi(xla ce ,LUn)f(LUl, e ,xn)i = 0.
=0

The degree of f is defined as the minimum of the positive integer m for which
such a relation holds.

Warning. We have introduced two different notions: the degree of a poly-
nomial and the degree of an algebraic function. Since polynomials are also
algebraic functions we have to be careful. For instance the polynomial
2%y? € K[z,y] has degree 5 but viewed as an element of K[[x,y]] it is an
algebraic power series of degree 1. In the sequel, we have tried to avoid this
kind of confusion.

Definition 4.3. — Given an algebraic Laurent series f(x1,...,2,) €
K{(z1,...,zy)), the set

A(f) ={P(Y) € Klzy,...,z][Y]| P(f) = 0}
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is a principal ideal of K|[z1,...,z,][Y]®. The minimal polynomial of f is
then defined (up to multiplication by a nonzero element of K) as a generator

of A(f).

Definition 4.4. — Given a polynomial P(Y) € K|x1,...,z,][Y], we define
the height of P, denoted by H(P), as the maximum of the total degrees of the
coefficients of P. The (naive) height of an algebraic power series

flz1,...,zp) = Z a(iy, ... ip)xf - xp € K((z1,...,25))
iezn
is then defined as the height of its minimal polynomial, or equivalently, as the
minimum of the heights of the nonzero polynomials P(Y) € K[x1,...,z,][Y]
that vanish at f.

Remark 4.1. — At first sight, one may be disturbed by our last claim. In-
deed, it is well-known that the height of the minimal polynomial of an alge-
braic number « is not necessary equal to the minimum of the heights of the
nonzero polynomials that vanish at «. For instance, the cyclotomic polyno-
mial ®05 has height equal to 2 while it divides X% — 1 (which has height
only one). We thus provide a short proof of our claim. Let f(xy,...,2,) €
K((z1,...,2y)) be an algebraic power series. Let P(Y) € K[z1,...,z,][Y]
denote the minimal polynomial of f and let Q(Y) € K[zy,...,z,][Y] de-
note another polynomial that vanishes at f. Then there exists a polyno-
mial R(Y) € K[zy,...,z,][Y] such that Q(Y) = P(Y)R(Y). Now, looking
at this equality in K[Y][x1,...,z,], we get that H(Q) is just the total de-
gree (in x1,...,x,) of PR, which is just the sum of the total degrees (in
x1,...,%,) of P and R. In other words, with this notion of height, we have
that H(PR) = H(P)+ H(R) for any pair of nonzero polynomials (P, R). This
gives H(Q) > H(P), as desired.

Remark 4.2. — Since K{(z1,...,x,)) is a field, we see that both A, the
field of rational functions K (x1,...,z,), and B, the field of fractions of alge-
braic power series in K{[x1,...,xy]], embed in K((z1,...,2,)). Under these
embeddings, we call the elements of A the rational Laurent power series and
we call those of B the algebraic Laurent power series.

4.3. Estimates about height and degree of algebraic Laurent series.
— We now collect a few estimates about height and degree of algebraic Lau-
rent series that will be useful for proving our main result.

()This follows from the fact that the ring K[z1,...,,] is a factorial ring (or equivalently,
a unique factorization domain).
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Lemma 4.1. — Let m and n be natural numbers and let dy,...,d, and
hi,...,hm be integers. Suppose that f1,..., fm € K{{x1,...,2y)) are m alge-
braic Laurent power series such that f; has degree at most d; and height at most
h; for each i. Suppose that A1, ..., Ay, are rational functions in K(x1,...,x,)
whose numerators and denominators have degrees bounded above by some con-
stant d. Then the following hold.

(i) The algebraic Laurent series Aifi + -+ + Amfm has degree at most
dy -+ dp, and height at most m(dy - - - dp,) (max(hy, ..., hy) + d).

(ii) The algebraic Laurent series fi--- fm, has degree at most dy -+ d,, and
height at most m(dy -+ - dy,) max(hy, ..., hy).

Proof. — Let V denote the K (z1,...,xy)-vector space spanned by all mono-
mials

{fiv e fim | 0< iy <diy.o.,0 <y < din ).
Then V' is a K(x1,...,zy)-algebra that has dimension at most dj - - - d,,, over
K(z1,...,oy). Note that Ay f1 + -+ + Ay, frn induces an endomorphism ¢ of
V by left multiplication.

Let us suppose that f; has degree e; < d; over K(z1,...,2,) with min-
imal polynomial Y ;" Q;xY" € K[zq,...,2,][Y]. Then the field extension
K; = K(x1,...,2,)(fi) is a K(x1,...,zy,)-vector space of dimension e; and
{ff | 0<k < e} forms a basis of this vector space.

Let

R:K1®K2®®Km7
where the tensor products are taken over K(z1,...,z,). Then R is a
K(x1,...,zy)-vector space of dimension e - - - e,, and

{ f1®f§2®---®fﬂﬁm |0<j;<e forz'zl,...,m}
forms a basis of this vector space.

We note that Ris a K(x1,...,x,)-algebra, since each K; is a K(z1,...,Ty)-
algebra. We regard R as a module over itself. We then have a surjective
K(z1,...,ry,)-algebra homomorphism g : R — V given by a1 ®a2®- - - Qay, —
airag - - Q.

Next, we let g; be the element 1 ® -+ ® f; ® -+ ® 1 in R, where we put 1s
in every slot except for the i-th slot, where we put f;. Now, we can lift ¢ to
an K(x1,...,x,)-vector space endomorphism ® of R defined by

@(7‘) = (Algl + -+ Amgm) T,
for every r in R. Note that we have

(4.1) 9(®(r)) = o(g(r)),
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for all » € R. We infer from (4.1) that the characteristic polynomial P of ®
will also annihilate the endomorphism ¢, since g is surjective.

Let R; be a nonzero polynomial in K|x1,...,z,,] of degree at most d with
the property that A;R; is also a polynomial. Let H := max{hi,...,hn}.
Observe that (A1g1+- -+ Amgm)-(f1' ® 3 - @ fi) is a K(z1, ..., z,)-linear
combination of tensors f{' ® f3*--- ® fi* with numerators and denominators
of degrees bounded by H +d and each denominator dividing @); ¢, R; for some ¢
(note that by definition @Q; ¢, is nonzero). Thus, using a common denominator
Qie,  Qmyen 1 -+ - Ry, we see that the endomorphism ® can be represented
by a e;-- ey, X e1--- ey, matrix whose entries are rational functions with a
common denominator Q1; - - - @me,, 121 - - - By, and with numerators of degree
at most m(H + d).

This gives that P, the characteristic polynomial of ®, has height at most
(e1---em)(H + d)m (and of course degree equal to e ---ey,). It follows that
A1 fi+- -+ Ap fm has height at most m(dy - - - dy, ) (H 4+ d) and degree at most
dy -+ dpy,, as required.

A similar argument in which we lift ¢, the endomorphism given by left
multiplication by fi... fin, gives that fi--- f,,, has degree at most d; - - - d,
and height at most m(dy -- - d,,,)H. O

Lemma 4.2. — Let f € K{{x1,...,x,)) be algebraic of degree d and height

—VUn

at most h. Then |v,(f)| < h and x, f)f is algebraic of degree d and height
at most h(d +1).

Proof. — Let j := v,(f). By assumption f satisfies a non-trivial polynomial
equation of the form Pyf¢ + --- + Pif + Py = 0 with PPy # 0 and with
the degrees of Py, ..., P; bounded above by h. Then g := x,’ f satisfies a
polynomial equation of the form

(4.2) Py, 7t 4o 4 Pia,ig+ Py =0.

If [j] > h then {v,(Piz;""¢") | 0 <i < d} are all distinct, and hence Equation
(4.2) cannot hold, a contradiction. By multiplying by an appropriate power
of x,,, we see that the height of x,,” f is at most dj + h < h(d + 1). O

Note that, by definition of the field K{{x1,...,x,)), every f €
K{(z1,...,zy,)) has a unique infinite decompostion

(4.3) f= > fal,
i:Vn(f)
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where f; € K((x1,...,2,-1)) and f,, 5y # 0. For every nonnegative integer
k, we set

v(f)+k

(4.4) Gn(pyek =2, D= > fiad,
i:Vn(f)

For every integer r > v, (f), we thus have the following decomposition:

(4.5) f= ) fan+ang.

i=vn(f)
Lemma 4.3. — Let d and h be natural numbers and let f be an algebraic
element of K((x1,...,xy,)) of degree at most d and height at most h over
K(z1,...,zy). Then, for every nonnegative integer k, the following hold.

(i) The Laurent series f,, (s)+k 15 algebraic over K(x1,...x,-1) of degree at
most d2° and height at most 8¥+1d2 " p.

(ii) The Laurent series Gun(f)+k 18 algebraic over K(x1,...,x,) of degree at
most 27" and height at most 8¥T1d32 ' h,

Proof. — We prove this by induction on k. We first assume that k = 0. Set

j:=vn(f) and g = 2,,” f. By Lemma 4.2, g satisfies a polynomial equation of

the form
d .
> Qg =0
i=0

where the @; have degree at most h(d + 1) and such that v,(Q;) = 0 some .
Let us denote by ¢ the canonical homomorphism from K ((z1,...,2n—1))[[Tn]]
to K{((x1,...,2p—1)) given by z,, — 0. Then

d d
0=0¢ (Z Qigi) =Y QS
=0 i=1

and so f; is an algebraic Laurent series over K(z1,...,z,—1) of degree at
most d and height at most h(d + 1). Also by Equation (4.4) we have that
g; = fzn’ — fj. Lemma 4.1 implies that g; is algebraic over K(z1,...,z,)
with degree at most d? and height at most 2d?(h(d + 1) + 1) < 8dh. This
establishes the case k = 0.

Now suppose that the claim is true for all natural numbers less than k, for
some nonnegative integer k. Let us first note that f,, (5 1rt1 = &(9u, (f)+k/Tn)-
Using Lemma 4.2, we get that

(4.6) deg fu, (H)+k+1 < deg Gy, (f)+k
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and

(4.7) h(fon(r)+h+1) < (deg gu, (1 + DGy, (5)44) -
From these relations we deduce by induction that f,, (r);x+1 has degree at
most d2*"' and height at most (42 + 1)(8F 132" h) < 882427 h, as
required.

On the other hand, we have the relation

G (F)+h+1 = Ty o (Pt — Frn(F) b1 -
By Lemma 4.1 and Inequalities (4.6) and (4.7), we obtain that

(4.8) deg gu,, (f)+k+1 < deg gy, (p)+k - deg fu, (pr+1 < (deg gun(f)+k)2
and

P(Gu,, (f)+k41) < 2(deg gﬁn(mk) ~(max(h(fu,+x+1), MGu, (5)+x) + 1),

which gives

(4.9) W(Gu(p) k1) < 8(deg G, (5 4k) (G (1))
From Equations (4.8) and (4.9), it follows directly by induction that g,,, ()1«

has degree at most d?" and height at most 8k+1d3'2k+1h, as required. This
ends the proof. O

5. Cartier operators and diagonals

Throughout this section K will denote a perfect field of positive character-
istic p. We recall that a field K of characteristic p is perfect if the map = +— xP
is surjective on K. We introduce a family of operators from K ({z1,...,2n))
into itself, usually referred to as Cartier operators. With these operators is
associated a Frobenius-type decompositon given by Equation (5.10) and which
is well-known to be relevant in this framework. We show that it is possible
to bound the degree and the height of the diagonal A(f) of a Laurent series

fin K{{(z1,...,2,)) by finding a finite-dimensional K-vector space contained
in K((z1,...,2,)), containing f and invariant under the action of Cartier
operators.
Let
flzy, ... zp) = Z alin, ... ig)zit -zl € K{{zy,...,2,)).
(%1 yeeeyin )EZL™

Definition 5.1. — For all j := (j1,...,jn) € ¥y :=={0,1,...,p— 1}", we
define the Cartier operator Aj from K((x1,...,x,)) into itself by

A_](f) = Z a(pil 4+ 1y Ply + jn)l/piﬂ? s l‘izl .
(11,.+00n ) EZ™
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Note that the support of Aj(f) is well-ordered and thus Aj(f) €

K{(z1,...,z,)). We have the following useful decomposition:
(5.10) f= Z Ay(F)P 2t i
jezn

Let us denote by €2,,, or simply 2 if there is no risk of confusion, the monoid
generated by the Cartier operators under composition. We then prove the
following result.

Proposition 5.1. — Let W be a K-vector space of dimension d included in
K((x1,...,2y)) and invariant under the action of Q. Then for every f € W,

the Laurent series A(f) € K((x)) is algebraic over K(x) with degree at most
.

Proof. — Let f(x1,...,x,) be a Laurent series in W. Let us first remark that
A is a K-linear operator. The set

AW):={A(g) |ge W}

is thus a K-vector subspace of K[[x]] whose dimension is at most equal to d.
Let r, 1 < r < d, denote the dimension of this vector space. Let U denote the
K (z)-submodule of K ((x)) generated by A(W). Let s denote the dimension
of U as a K(x)-vector space. Then s < r. Let fi(z),..., fs(z) € A(W) be a
basis of U as a K (z)-vector space. For every integer i € {0,...,p — 1} and
every g(z1,...,%n) € K{{(z1,...,2,)), we have that

Ai(A(g)) = A(A(i,...,i) (9))-
Thus A(W) is invariant under the action of €. Using, for i € {1,...,s}, the
Frobenius decomposition

p—1
fil@) =2 No(fil=))?,
=0

we get that
p—1 s
filw) = 3 S rige@ o,
=0 j=1

for some rational functions r; ; ¢(x) in K (x). There thus exist rational functions
Rij(z), (i,5) € {1,...,s}?, so that

fil@) =) Rij(@)fi(=).
j=1

Let v(z) = [fi(z),..., fs(z)]" and let
M(z) := (Ri;(x)).
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Then we have v(z) = M(z)v(zP).

We claim that the matrix M (x) belongs to GLs(K(x)). Indeed, if M(x)
were not invertible there would exist a nonzero row vector (71 (x),...,Ts(x)) €
K (x)® such that

(Tia),- ., To(@)M(z) = 0.

Right-multiplication by v(aP) then gives
ZTi(x)fi(ﬂf) =0
i=1

and we then have a contradiction, as fi,..., fs is a basis of the K (x)-vector
space U. By inverting M, we immediately obtain that for every integer i,
1 <4 < s, the Laurent series f belongs to the K (z)-vector space generated
by fi,..., fs- Then the field

L:=K(@)(f1,...,fs)

is a finite dimensional K (x)-vector space spanned by the elements of the set

{ i ogz‘l,...,z‘s<p}.

In particular we have that [L : K ()] < p* < p?. Now, since f € W, we have
A(f) € L and thus [K (x)(A(f)) : K(z)] < p?. This ends the proof. O

We complete Proposition 5.1 by showing that, under the previous assump-
tions, it is also possible to bound the height of the Laurent series A(f).

Proposition 5.2. — Let W be a K-vector space of dimension d included in
K{(z1,...,zy,)) and invariant under the action of Q. Then for every f € W,
the Laurent series A(f) € K((x)) is algebraic over K (x) with height at most
dp?.

Proof. — Let f € W. We already showed in the proof of Proposition 5.1 that
there is a K-vector space A(W) of dimension r < d that is invariant under the
action of the Cartier operators and that contains A(f). Let{gi,..., g} be a
K-basis of A(W) with g1 = A(f). Then we have

Ailgi(@)) = > e gu(x)
k=1
(k)

for some constants c; ; in K. Furthermore, we have that
i

p—1
gi(w) = a'Ai(g;)(a”) .
1=0
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We thus see that each gj(z) can be expressed as a polynomial-linear com-
bination of gi(aP),...,g,(zP) in which the polynomials have degrees uni-
formly bounded by p — 1. In other words, there is a matrix-valued function
A(z) € M, (K|[z]), in which every entry has degree at most p — 1, such that

V(&) = A)v(?),
where v(z) := [g1(2),..., g (x)]T.

Thus for i € {0,1,...,7}, we have
v(a;pi) = A(a;pi)A(mpiH) oo A2 )V(mpr) )

Let e; denote the r x 1 column vector that has a one in the first coordinate
and zeros everywhere else.
Then
r—1

el el A(zP ),elTA(a:priz)A(xp ..., eTA(z)A(xP)--- AP )

are 7 + 1 vectors of length r with polynomial coordinates. The coordinates of
each vector are polynomials of degree at most p” — 1, and so by Lemma 5.1
there is a non-trivial dependence relation

r—1

r—1 r—1

r—1

Qr(z)el + -+ Qo(x)el A(x)A(2P)--- A(zP ) = 0,

with each Q;(x) having degree at most r(p" — 1). Right-multiplication by
v(zP") then gives

Qr(@)el V(@) + -+ Qo(x)e] A(x) A(z?) - -- A(a?" (") = 0,
that is,
> Qi@a ey = 0.
i=0
Since g1 = A(f) and r < d, we get the required bound on the height. O

Lemma 5.1. — Let K be a field and let v and H be natural number. Suppose
that wo, ..., w, are r+1 row vectors in K|[x]" whose coordinates all have degree
at most H. Then there exists a non-trivial dependence relation

> Qi(z)wi = 0,
=0

in which Qo(x),...,Q.(x) are polynomials in Klx| whose degrees are all
bounded by Hr.

Proof. — Let j be the largest natural number for which wo, ..., w; are linearly
independent. Then j < r. Since some (j+1) x (j + 1) minor of the (j+1) xr
matrix whose ith row is w; is nonzero, it is no loss of generality to assume
that the “truncated” row vectors obtained by taking the first j + 1 coordinates
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of each of wy,...,w; are linearly independent. Let wy,...,w/. denote the
truncated vectors of length j + 1.
Using Cramer’s rule, we see that there is a non-trivial solution [Fy, ..., Pj1]
to the vector equation
Jj+1
> Plow; =0,
i=0
in which Pj;; = —1 and for k < j, P is given by a ratio of two j x j

determinants; the denominator is the determinant of the (5 + 1) x (j + 1)
matrix whose ith row is w, and the numerator is the determinant of the
(7 +1) x (4 + 1) matrix whose ith row is w} unless ¢ = k, in which case the
row is given by W;» 4+1- We note that the degrees of the numerators and of the
common denominator are all bounded by H(j + 1) < Hr. By clearing the
common denominator, we get a polynomial solution

Jj+1

ZQ,-(x)W; = 0,
i=0

in which the @); have degrees uniformly bounded by Hr. By construction,

Jj+1
Z Qi(x)w; = 0,
i=0
and the result now follows by taking Qr(z) =0 for j +2 <k <r. O

6. Rationalization of algebraic Laurent series

Throughout this section, K will denote an arbitrary field. It is known
that every algebraic power series in K|[[z1,...,x,]] arises as the diagonal of a
rational power series in 2n variables. This result is due to Denef and Lipshitz
[15] who used an idea of Furstenberg [21]. It is ineffective in the sense that
it does not say how large the height of the rational function can be with
respect to the height and degree of the algebraic power series we start with.
In order to establish our main result, we need to prove an effective version
of this rationalization process for algebraic Laurent series in K ({z1,...,2,)).
Though our approach differs from the one of Denef and Lipshitz it is also based
on Furstenberg’s pioneering work.

Let us first recall some notation. Given a Laurent series in 2n variables

Fl@nman) = Y alin,... )2l 2l € K((z1,. .., 20n)) |

(21,..0y020 ) EZP™
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we define the diagonal operator Ay, from K((x1,...,22,)) into
K<<33‘1,... 7$n>> by

Al/2(f) = Z a(’il,...,Z'n,il,...,’in)$lf"'l‘izl.

(915eeeyin )EZL™

We are now ready to state the main result of this section.

Theorem 6.1. — Let d and h be natural numbers and let f(x1,...,x,) €
K{(z1,...,zy)) be an algebraic Laurent series of degree d and height at most
h. Then there is an explicit number N(n,d,h) depending only on n, d and h,
and a rational Laurent power series R € K{((x1,...,Tn,Y1,-.-Yn)) of height at
most N(n,d, h) such that f = Ay 5(R).

In order to prove Theorem 6.1, we will prove three auxiliary results. We
also need to introduce a third type of diagonal operators. Given a Laurent
series in n + 1 variables

f(xla"'axTwy) = Z a(ilu"'ain+1)xlll "'xizlyln+1
(21yenying1)EZMTL

in K((z1,...,2Zn,y)), we define the diagonal operator A, , from
K((z1,-- - 2my )} 0 K({z1,...,2n)) by

Al‘my(f) = Z a(il,...,in,in)x? xi{t .

(i1 eevyin ) ELZP

Our first auxiliary result is essentially (an effective version of) Furstenberg’s
lemma. We include a proof here for completeness.

Lemma 6.1. — Let P(xy,,y) € K{{(z1,...,2n-1))[Tn,y] be a polynomial of
degree at most d in x, and y and suppose that all coefficients appearing in P
are algebraic elements of K{((x1,...,xn—1)) of degree at most dy and height
at most h. Suppose that f(x1,...,2,) € K{(x1,...,2s)) is a solution to the
equation P(x,, f) = 0 with v,(f) > 1 and that OP/dy does not belong to the
ideal (xn,y)K{((x1,...,Tn-1))[Tn,y]. Then

oP

is a rational function of the wvariables x, and y that belongs to
K{(z1,...,zp—1))[[Tn,y]] and such that

Agpy (R)) =

Furthermore, the numerator and denominator of R have total degree at
most 2d + 1 in x, and y and their coefficients are algebraic elements of
K{{x1,...,2n—-1)) of degree at most dy and height at most h.
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Proof. — We first observe that our assumptions on P ensure that both poly-
nomials y20P/dy(xny,y) and P(z,y,y) have total degree at most 2d+1 in x,,
and y. It also implies that the coefficients of these polynomials are algebraic
elements of K ((x1,...,x,—1)) of degree at most dy and height at most h.

Since y = f(x1,...,x,) is a solution to the equation P(z,,y) = 0, we see
that
(611) P(:ETL)y) = (y - f(:El) s 7xn))Q(x17 v ,xn,y) )

for some nonzero polynomial @ € K((x1,...xn_1))[[zn]][y]. Differentiating
(6.11) with respect to y, we get that

(6.12) 8—P—Q+(y—f)%-

oy
Looking modulo the prime ideal (z,,y) and using the fact that dP/0y does
not vanish at (z,,y) = (0,0), we infer from (6.12) that @ is nonzero when
evaluated at (z,,y) = (0,0). Hence @ is a unit in the power series ring
K{{(z1,...2n-1))[[*n,y]]. Then Equations (6.11) and (6.12) give

1 0P 1 1 0Q

P oy y—f Q 0y

Thus
2
Y oP
ijy X1y s T—1,T0Y, Y
( ' ) P(:El""’:En—l)xny)y) ay( n n )
- y? .
y— f@1,. . Tp1, T0Y)
y2 . @(ml Tn—1,TnlY y)
Q<x1""7xn—17xny7y) ay ’ ydm s TnY,
Yy
N +
1=y f(z1,... o1, 2ny)
y? aQ( |
- —_ IE17..-,JE —lyx y’y X
Q(xl’ s In—1,TnY, y) ay " n
Furthermore, since v,(f) > 1, we have that 1 — y~ ' f(21,...,Zn_1,ZnYy)

is a unit in the ring K((z1,...2n-1))[[Zn,y]]. We thus obtain that R €
K{(z1,...xn-1))[[*n,y]]. On the other hand, since 1/Q - 9Q/dy belongs to
K{(z1,...xn-1))[[®n,y]], we clearly have

0
Awn,y <y28_§($17 s ,xn_l,xny,y)/Q(xl, cee ,xn_l,xny,y)> =0.
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Thus
Do) = Aoy (=i )
' AL =y (2, X1, TRY)
= ZAxn,y (yl_jf(xla'” an—lyxny))
j=0

= Amn,y (f($17 7$n—17$ny))

= flx1,...,2p).
This ends the proof. O

In the previous result, we make the assumption that our algebraic Laurent
series f is a root of a polynomial P such that 0P/0dy does not belong to the
ideal (zy,, y)K{({z1,...,Tn-1))[Tn,y]. We now remove this assumption.

Lemma 6.2. — Let P(x1,...,2,,y) € Klr1,...,2,][y] be a nonzero poly-
nomial of degree d > 2 in y and suppose that the coefficients of P (in
Klzy,...,zy,]) all have degree at most h. Let f be an algebraic Laurent se-
ries in K{{x1,...,2,)). Suppose that v,(f) = 1 and that f satisfies the
polynomial equation P(x1,...,zy, f) = 0. Then there is a rational function
R e K{{x1,...xp_1))(xn,y) such that the following hold.

(i) One has f = Ay, y(R)

(ii) The numerator and denominator of R have total degrees at most h(2d —
1)(2d+1)+2h+1in z, and y.

(iii) The coefficients of R are algebraic Laurent series in K {({x1,...xn_1)) of

degree at most 2" V=1 and height at most ds@h2"** ™Y

Proof. — We first note that if 0P/0y does not belong to the ideal
(Tn, Y) K {({x1,...,Tn-1))[Tn,y], then the result follows directly from Lemma
6.1 (with much better bounds). We thus assume from now on that dP/dy €
($n7 y)K<<$17 s 7$n—1>>[33n7 y]

By assumption v, (f) = 1. We thus infer from Equation (4.5) that for every
positive integer r, we have the following decomposition:

f:flxn‘i‘"'""fr‘TZ"i‘ngry

where f1,..., f, are algebraic Laurent series in K ((x1,...,2,—1)) and g, is an
algebraic Laurent series in K ((z1,...,zy,)) with v,(g,) > 1. Our aim is now to
prove that, for a suitable r, g, does satisfy a polynomial relation as in Lemma
6.1.

Let S(x1,...,z,) € Klxi,...2,] denote the resultant with respect to
the variable y of the polynomials P and OP/0y. Since by assumption
P e (xnv yn)K[:Elv <oy Ty yn] and ap/ay € (ﬂj‘n, yn)K(<x1, A ,ﬂj‘n_1>>[3§‘n, yn]v



28 BORIS ADAMCZEWSKI & JASON P. BELL

we get that S € z,K[z1,...,2x,]. There thus exists a polynomial T €
Klzy,...,zy] with v,(T) = 0 and a positive integer r such that S = z]T.
Furthermore, using the determinantal formula for the resultant, we obtain
that S is the determinant of a (2d — 1) x (2d — 1) matrix whose entries are
polynomials in K[zq,...,z,] of degree at most h. It follows that

(6.13) r<h(2d—1).

Set V(x1,...,2y) := fixn + -+ + fral. Denoting by A;(z1,...,x,) the
coefficients of P, we get that

d
ST A, wn)(V + g, = 0.
=0

Setting
1 0P
(6.14) Bi(z1,...,x,) == a1 a—%(azl, ces @, VX, x)),
we easily check that
d .
(6.15) > Bi(x1,...,zn)(zhg) = 0.
i=0

Moreover, we note that each B; is a polynomial in z,, of degree at most (d —
i)r + h whose coefficients are algebraic Laurent series in K ((x1,...,Zn_1)).

On the other hand, since S is the resultant of P and JP/Jy with re-
spect to the variable y, there exist two polynomials A(xi,...,z,,y) and
B(z1,...,2p,y) in K[z1,...,2,,y] such that

oP

6.16 S=AP+ B—-
(6.16) +BY
Note that

P(zy,...,2n,V) = P(x1,...,2n,V) — P(z1,..., 20, f)
= (V_f)c(x177$n)
= z,6.C(z1,...,2n)
for some C' € K{(x1,...,7n_1))[[zs]]. Thus 27! divides
P($1,...,$n,V)
in K{(x1,...,2Zn_1))[xn]. Substituting y = V into Equation (6.16) gives
T (1, ... ,xn) — A1, ..., Tn, V)P(21,. .., Zn, V)
oP

= B(a:l,...,mn,V)@(xl,...,xn,V).
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It follows that

OP
vn(B1) =1y, <8—y(a:1, e ,xn,V)> =r

and thus v, (Bzl¥) > 2r for every k, 1 < k < d. Then Equation (6.15)
implies that v,(Bg) > 2r + 1 since v,(g,) > 1. In particular, for every integer
k, 0 < k < d, the quantity Cy, := Bypal* /22" belongs to K ((z1,...,2n_1))[Tn].
Setting

d
Q(gjl)' e 7$n7y) = Zci(:plv s 7$n)yl7
=0

we obtain that () is a polynomial in x,, and y whose coefficients are algebraic
Laurent series in K ((z1,...,2,-1)) and such that Q(x1,...,zy,g,) = 0. Fur-
thermore, since v, (g,) > 1 and v,(Cy) = 0, we have that 0Q/0y does not
belong to the ideal (z,,y)K{(z1,...,Zn-1))[Tn,y]. It follows that the pair
(Q, gr) satisfies the assumption of Lemma 6.1.

In order to apply Lemma 6.1, it just remains to estimate the degree of Q)
in x, and y and also the height and the degree of the coefficients of @ (as
algebraic Laurent series in K ((z1,...,2n—1))).

First, an easy computation using (6.14) and the definition of V' gives that
the degree of @ in z,, and y is at most

(6.17) dy:=dr+h.

On the other hand, we infer from Lemma 4.3 that each f; is an algebraic
Laurent series in K ((z1,...,2,_1)) with degree at most d2 ' and height at
most 8'd% ' h. Then Lemma 4.1 implies that V(z1,...,2,) is a polynomial
in x,, whose coefficients are algebraic Laurent series in K ({(x1,...,2,—1)) with
degree at most d? ~! and height at most rd2T_1(8"d2T+1h +7r) < 2r8Td2 " h.
We also note that for every k, 1 < k < d, V¥ is a polynomial in x, whose
coefficients are algebraic Laurent series in K ((x1,...,z,_1)) with degree at
most d2 !, while Lemma 4.1 implies that the height of these coefficients is at

most k(d2 ~1)*2r8 d2 " h. Furthermore, the definition of By, implies that
d—k ,.
+k -
Bk = Z <j k >Aj+k($17 v 77xn)V] )
j=0

for every integer k, 0 < k < d. Lemma 4.1 thus gives that By, is a polynomial
in x,, whose coefficients are algebraic Laurent series in K ((x1,...,2,—1)) with
degree at most d* ~! and height at most

(d -k + 1)(d¥ N 1 (k(a¥ 1Y 2r8"d® h + h).
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It follows finally that C} is a polynomial in z,, whose coefficients are algebraic
Laurent series in K((z1,...,2,-1)) of degree at most

(6.18) dy == d? !
and height at most

(6.19) hy = (d+ 1)(d¥ 1) (d(d® ~H)92r87d? b + h) .

We now infer from Lemma 6.1 that there is a rational function U €
K{(z1,...,2p-1))(®n,yn) whose numerator and denominator have total de-
gree at most dz := 2d; + 1 in z,, and y, such that A, ,(U) = g,. Moreover,
the coefficients of U are algebraic Laurent series in K ((x1,...,z,_1)) of degree
at most ds and height at most hs.

Then setting R := (z,y)"U(z1,...,%n,y) + V(x1,...,Zn-1,2nYy), we easily
obtain that

Ay, y(R)=f.

Furthermore, R is a rational function in the variables z,, and y whose numer-
ator and denominator have degree at most

ds+r < h(2d—1)(2d+ 1) +2h + 1.

This proves (i) and (ii).

It thus remains to prove that (iii) holds. Note that by construction all
coefficients of R are algebraic Laurent series in K ({z1,...,z,—1)) that belong
to the field extension K (z1,...,2Zn—1)(f1,..., fr). It follows that they all have
degree at most d? ~! (the product of the degree of each f;). Furthermore, we
infer from (6.13) that d* ~! < d2"*V =1 as required.

Note also that the denominator of (,yy,)"U(2n, yn)+V (2nyy) can be chosen
to be the same as that of U. The numerator, however, is a sum of at most r+1
elements, each of which is of the form fg, where f and g are algebraic elements
in K((x1,...,2p_1)) with degree at most ds and height at most he. Lemma
4.1 gives that each product has height at most 2d3hs. Applying Lemma 4.1
again, we obtain that the coefficients appearing in R are algebraic elements of
K{(x1,...,7p—1)) whose heights are all bounded by

hs = (r 4+ 1)d5(2d3hy + 1).

A simple computation using (6.13), (6.18) and (6.19), shows that hy <

d8dh2h(2d71), as required. This ends the proof. O
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Lemma 6.3. — Let M,d and h be positive integers and let f(zn,y) be a
rational function in K{(x1,...,Tpn-1))(2n,y) defined by

E ot d
a%]‘rny

0<i,j<M
f(xn7y) = = 7 j7
0<i,j<M
where each o ; and fB; j are algebraic Laurent series in K((z1,...,xn—_1)) with
degree at most d and height at most h. Then there are two polynomials
A(xnvy) = Z Wl,jx;y] € K(<3§‘1,---,$n_1>>[3§‘n,y]

0<i,j <(M—1)dM?

and B(x1,...,2n,y) € K[x1,...,2Tn,y] such that the following conditions hold.

(i) f=A/B.
(i) The polynomial B has total degree at most (h + 2M — 2)dM”.

(iii) Fach Vi is an algebraic Laurent series
in the field K{((z1,...,Tn_1)) with degree at most dd+OM? gng height

M2
at most M2(dMQ)d(dJrl)MQ-M2 ! )dMQd(dM2)h.

Proof. — For every (i,j) € {0,...,M — 1}?, we denote by P;;(X) €
Klz1,...,2,—1][X] the minimal polynomial of j; ; over K(x1,...,2n,—1). By
assumption, P;; has degree d; ; < d in X and its coefficients have total de-
gree at most h. The polynomial P;; can be split into linear factors in an
algebraic closure, say L, of K(x1,...,2,—1). There thus exist a polynomial
Cd(xl,.. ,Tn—1) € K[z1,...,25-1] and (possibly equal) algebraic elements

5 @Jﬁ(’] . ,BZ-(flji’j) in L such that

d;,;
(620) PZJ(X) = Ci’j(ﬂj‘l, ey p—1 H ﬁz(];
k=1
Let us define the polynomial
C'(xl,.. y Lpy— 1 H CJ a:l,...,a:n_l)

0<i,j <M

I ... dig}.

0<i,j<M

and the set
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‘We thus note that

(6.21)  B(xi,...,zp,y) =C"- H Z BZ-(J ’])x;y]
(k0,05--knr—1,m—1)€ES \0<t,j<M

belongs to Klz1,...,z,,y]. Indeed, by construction, for every (i,5) €

W1 <k < diy,

Z?] ?

{0,...,M — 1}?, B is a symmetric polynomial in the 3
and thus the result follows from Equation (6.20).

Now, set
B(x1,...,Tn,Y) o
(6.22) AT, y) == ni r Z a; Ty’
Z BijTny 0<i,j<M
0<i,j <M

The assumptions made on the §; ; and the +; ;, and the definition of B ensure
that A belongs to K{((z1,...,2n—1))[Tn,y] and has total degree at most (M —

1)aM ®in 2, and y. This shows the existence of algebraic Laurent series Vij €
K({x1,...,2n—_1)) such that

Alwn,y) = D vy
0<i,j <(M—1)dM?

Furthermore, the definition of A implies that f = A/B. Thus (i) is satisfied.

We infer from (6.21) that B has total degree at most (M — 1)d™* in z,
and y. Also, for each ¢ and j, the coefficient of z} 3’ in B is a polynomial of
degree at most d™ * in the coefficients of P; ;(X) and hence has total degree
at most h - dM” in T1,...,Tp_1. We deduce that B has total degree at most
(h +2M — 2)d™* | which proves (ii).

Now, let E denote the field extension of K(x1,...,z,—1) formed by ad-
joining all the ¢; ; and all the BZ.(E-). Then [E : K(z1,...,2p_1)] < ddtDM*
By definition of A, the coefficients v; ; all belong to F and are thus all al-

d+1)M?

gebraic Laurent series of degree at most d( Furthermore, it follows

2
from (6.22) that each +;; can be obtained as a sum of at most M 24" 1

gebraic elements, each of which is a product of aM? algebraic elements of
degree at most d and height at most h. Using Lemma 4.1, we get that
the ~;; are all algebraic Laurent series over K(z1,...,x,—1) of height at

2 2 d]w2 2
most M2 gd+1)M?*-M ( )szd(dM )h. This proves (iii) and concludes
the proof. O

We are now ready to prove the main result of this section.
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Proof of Theorem 6.1. — We prove this by induction on n. Let
f(z1,...,2n) € K((x1,...,2y)) be an algebraic Laurent series of degree at
most d and height at most h.

We first infer from Lemma 4.2 that v,(f) < h. Furthermore, arguing as for
the proof of Lemma 4.2, we get that f:: Tn )+ f is an algebraic Laurent
series of degree at most d and height at most hd. We also note that by

definition v, (f) > 1.

Let us prove the case where n = 1. By Lemma 6.2, there exist a rational
function R(x1,y) € K(z1,y) whose height is at most hd(2d — 1)(2d + 1) +
2hd + 1 and such that Ay /»(R) = f. Thus, S(x1,y) := (z1y)" D R(z1,y) is
a rational function whose height is at most 2h 4+ hd(2d — 1)(2d 4+ 1) + 2hd + 1
and such that A;/y(S) = f. This proves the case n = 1 with N(1,d,h) :=
hd(2d — 1)(2d + 1) + 2h(d + 1) + 1.

Let us assume now that n > 2 is a fixed integer and that the conclusion
of the theorem holds for every natural number less than n. By Lemma 6.2,
there exists a rational function R(z,,yn) € K{((x1,...,2n-1))(Zn,yn) such
that f: Ag, 4. (B). Furthermore, the numerator and the denominator of R
have degree at most

M :=hd(2d —1)(2d +1) +2hd + 1
in xz, and y, and the coefficients of R are algebraic Laurent power series in
K({x1,...,2n—_1)) of degree at most
do:=d

2hd(2d71) 1

and height at most
h L d8d2h2hd(2d71)
0= .

By Lemma 6.3, we may write R(x,,yn) as A(zn,yn)/B(x1,22,. .., Tn,Yn)
where B is a polynomial in Klzq,...,z,,y,] of total degree at most (hy +
2M — 2)dg42 and A € K((x1,...,2n—1))[Tn,yn] is a polynomial of degree

at most My = (M — 1)(1!6\/[2 and whose coefficients are all algebraic over
2
K(z1,...,2p—1) of degree at most d; := d(()dOH)M and height at most
) 2 d{)VIQ 22
hy = M2 >dgd°+1)M2‘M( >dg42dgdo "he.

We can thus write
A= > gyl
0<i,j<M
Then by the inductive hypothesis, each ; ; is the diagonal of some rational
function

Rij(x1, . s Tn—1,Y1, - Yn—1)
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in K{(x1,...,2n—1)) whose height is at most N(n — 1,dy, hq).
Consider the rational function S(x1,...,Zn,y1,.--,yn) € K{(21,...,2y))
defined by

.
> Rij(1, . T 1, Y1 Y1) ThY)
_ 0<ij<My

S =
B(z1y1,- - s Tn—1Yn—1,Tn, Yn)

Then by construction, we have that A;,(S) = f Taking T =
(Znyn)""F)=1S we obtain that Ayo(T) = f. By noting that |v,(f)] < h,
we see that T has height at most 2(h — 1) + N(n — 1,d;, h1). This concludes
the proof by taking N(n,d,h) :=2(h — 1)+ N(n — 1,dy, hy). O

7. Proof of Theorems 1.3 and 1.4

We are now ready to conclude the proof of our main result. What we will
actually prove is the following natural extension of Theorem 1.3 to fields of
multivariate Laurent series.

Theorem 7.1. — Let K be a field of characteristc p > 0 and f be an algebraic
power series in K((x1,...,xy,)) of degree at most d and height at most h. Then
there exists an explicit constant A := A(n,d,h) depending only on n, d and h,
such that A(f) € K((x)) is an algebraic Laurent series of degree at most p*
and height at most Ap?.

Proof. — Let K be a field of characteristic p > 0 and let f(z1,...,2,) be
a power series in K ((x1,...,x,)) of degree at most d and height at most h.
Without loss of generality, we can assume that K is a perfect field (otherwise
we just enlarge it and consider the perfect closure of K). By Theorem 6.1,
there exist an explicit positive number N depending only on n, d, and h, and
a rational function R(x1,...,Zn,Y1,---,Yn) in K((1,. ., Zn,Y1,...,Yn)), with
height at most N, such that A;/;(R) = f. The latter property clearly implies
that A(R) = A(f).

We are now going to exhibit a K-vector space containing R and invariant
under the action of the monoid €29, generated by Cartier operators. Since R
is a rational function with height at most N, there exist two polynomials P
and Q in K[x1,...,Zn,Y1,...,Ys) with total degree at most N and such that
R=P/Q. Set

S(x17”’7xn7y17"'7yn) }
V.= deg(S) < N CK(X1, s Tn,Yly---sYn) -
{Q(x17’”7xn7y17"'7yn)‘ g( )_ o (1 u y)

Note that V is a K-vector space of dimension A := (N }2") Let
S(z1,y . sy Yty Yn)/Q(T1, -+ o Tny Y1, -+ -, Yn) be an element of V' and let
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je{0,...,p—1}*" Let A;j denote the Cartier operator associated with j
(see Section 5 for a definition). A useful property of Cartier operators is that
A;j(gPh) = gAj(h) for every pair (g,h) € K{{(x1,...,2,))%. We thus deduce
that

1
Aj(S/Q) = A;(SQP™H/QP) = Q Aj(SQPT).
Since deg(SQP~1) < pN, we can write SQP~! as
SQp_l — Z Sf xil e x;‘;’lnyi"wrl e yif"

i:=(i1,.0ni20) €40, p— 1127

where each Sj is a polynomial of total degree at most N. Now, the unicity of
such a decomposition ensures that S; = A;(SQP~!). This implies that

Aj(5/Q) = 55/Q.
Thus A;(S/Q) belongs to V', which shows that V' is invariant under the action
of Cartier operators. By Propositions 5.1 and 5.2, it follows that A(R) is

algebraic over K (z) with degree at most p# and height at most Ap?. Since
A(R) = A(f), this ends the proof. O

Proof of Theorem 1./. — Theorem 1.4 is essentially a consequence of Theo-
rem 1.3 (see the discussion in the introduction about Jacobson rings). The
only thing that remains to be proven is that if K is a field of character-
istic zero and if f(xy,...,2,) € Kl[x1,...,xy]] is algebraic then the coeffi-
cients of A(f) all belong to a finitely generated Z-algebra R C K. To see
this, we use the result of Denef and Lipshitz [15] claiming that f(z1,...,z,)
can be written as the diagonal of a rational power series in 2n variables,
say P(x1,...,200)/Q(x1,...,29,) € K(x1,...,29,). Without loss of gen-
erality, we may assume that Q(0,...,0) = 1. Let us write @ = 1 — U,
with U € (z1,...,29,)K[x1,...,22,]. Let R denote the finitely generated
Z-subalgebra of K generated by the coefficients of P and U. Then the iden-
tity P/Q = > ;>0 PU* shows that all the coefficients of P/Q lie in R. Since

A(f) = A(P/Q), it follows that all coefficients of A(f) also belong to R. [

8. Diagonals of rational functions with high degree modulo p

In this section, we prove Theorem 1.5. Throughout this section we make
use of the following notation already introduced in the introduction of this
paper: if f(z) := Y 2 ja(n)z™ € Z[[z]] and p is a prime number, we denote
by fip := 2 oneo(a(n) mod p)a™ € Fp[[z]] the reduction of f(x) modulo p. An
expression like “f vanishes modulo p” just means that f}, is identically equal
to zero. Also, given two polynomials A(x) and B(x) in Z[z], the expression

“A(z) divides B(r) modulo p” means that A, (v) divides Bj,(z) in Fy[z].
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An essential property that will be used all along this section is the so-called
Lucas property.

Definition 8.1. — We say that a sequence a : N — Z has the Lucas property
if for every prime p we have a(pn + j) = a(n)a(j) (mod p). We let £ denote
the set of all power series in Z[[z]] that have constant coefficient one, whose
sequence of coefficients has the Lucas property, and that satisfy a homogeneous
linear differential equation with coefficients in Q(x).

Remark 8.1. — We note that if f(z) = Y ~ja(n)z™ € £ and p is a prime
number, then

F(2) = A(@)f () (mod p),
where A(z) = Zfl;%) a(n)x™. Furthermore, since a(0) = 1, we always have
that the polynomial A|p(m) is not identically zero. In the sequel, there will

be no problem with dividing by such polynomial A(z) in congruences relation
modulo p.

Lemma 8.1. — Let fi,...,fs € Z[[z]] such that fyp,..., [y, are linearly
dependent over I, for infinitely many prime numbers p. Then, f1,...,fs are
linearly dependent over Q.

Proof. — Let a;(n) denote the nth coefficient of f;. Let us consider

al(O) al(l) a1(2)
az2(0) az(1) a2(2)

as'(O) asl(l) as'(2)

the s x oo matrix whose coefficient in position (k,n) is ax(n). Given a prime
p such that fip,..., f,, are linearly dependent over F), we thus have that
any s X s minor has determinant that vanishes modulo p. Since this holds for
infinitely many primes p, we obtain that all s X s minors are equal to zero,
which implies the linear dependence of fi,..., fs over Q. O

Lemma 8.2. — Let fi(z),..., fs(x) € L and set f(x) := fi(z)+-- -+ fs(x).
Let us assume that the following hold.

(i) The functions fi,..., fs are linearly independent over Q.

(ii) The inequality deg(f),) < p/2 holds for infinitely many prime numbers

p.
Then for infinitely many primes p there is a polynomial Q(x1,...,xs) €
Zlz][z1,...,ws] of total degree at most \/ps in x1,...,xq such that Q, is

nonzero and Q(f1(z),..., fs(z)) =0 mod p.
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Proof. — Let Py denote the infinite set of primes p for which deg(f,) < /2.
From now on, we let p denote a fixed element of Py. Let S denote the set of
all numbers of the form ig + i1p + --- + i,p* " with 0 < dg,...,is_1 < \/D-
Then |S| > ,/p® and hence there is a non-trivial relation of the form

(8.23) S G @F@) - f@)

0§i07~~~7i571<\/ﬁ

s—1,

=1 = 0 (mod p).

Since by assumption each f; belongs to £, we infer from Remark 8.1 that
there are polynomials Ay, ..., As of degree at most p — 1 such that f;(z) =
Ai(z) fi(xP) mod p. We also have that each f; has constant coefficient 1, which
implies that A;(z) #0 mod p. Then we have that

fi(z)

fi(z?) = = (mod p)
H Ai($pM71)
m=1
for every positive integer j. Letting B ;( H Ai( Pt ) for 7 > 1 and

B; j(z) :=1 for j = 0, Equation (8.23) can be rewrltten as

(8.24)
3 - z) fs(@) \¥ _
Cigyernis—1 ( 1;[ <B1g @) “'+Bs,j($)> = 0 (mod p).

0<i0,...1is—1<4/P

If we expand the left-hand side, we obtain the existence of a polynomial
P(x,1,...,25) € Z(x)[1,..., 5] of total degree at most /ps in x1,...,x;
such that P(z, f1,..., fs) vanishes modulo p. If P, is nonzero, we just have
to multiply by the common denominator in Equation (8.24) (which is nonzero
modulo p by Remark 8.1) to obtain a nonzero polynomial Q € Z[x][z1, ..., zs]
with the desired properties.

It thus remains to prove that P does not vanishes modulo p. From now
on, we may assume that P, is identically zero and we will show this yields a
contradiction. Let y1,...,ys be indeterminates. Then

(8.25)
3 5 ys \" _
Cigyernis—1 ( 1;[ <B1] st Bs7j(x)> = 0 (mod p).

0<i0yrnyis—1</P

Let z1,..., 25 be new variables defined by

zj = yl/BLj(IE) +---+ ys/BS,j(x) .
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Then ‘
Yo G (@) 220t = (0 mod p)
0<i0y.yis—1<y/P
and since ¢;, . ;. , is nonzero modulo p for some (ig,...,is_1), we see that
x,21,...,%s are algebraically dependent over Fp(x).
On the other hand, we have

(21, .. .,ZS]T = BT[yl, ... ,ys]T

where B is an s x s matrix whose (4, j)-entry is 1/B; j_1(x). We claim that B
is invertible as a matrix with coefficients in [F,,(x). To see this, let us assume
that B is not invertible. Then there exists a nonzero vector of polynomials
[c1(x),...,cs(x)] € Fp[z]® such that

ch )/Bij—1(x) = 0(modp)

for i = 1,...,s. But, by construction, fi(z)?’ = fi(x)/B; j(x) (modp) and
hence we must have

3 ¢i(@) f(@)? 't =0 (modp)
j=1
fori=1,...,s. Thus
S ¢i(@) fi@? " =0 (modp)
j=1

for i = 1,...,s. In particular any Fj-linear combination of fi,..., fs, say
y:= A1 f1 + -+ + As fs satisfies the relation

E:cj(x)ypjf1 = 0 mod p.

Regarding this expression as a polynomial in y, we get at most p*~! distinct
roots in [F,[[z]]. Since there are p® [F,-linear combinations of the form A; f; +

-+ Asfs, it follows that at least two different linear combinations must be
the same. Thus Ay fi +--- 4+ Asfs = 0 for some Ay, ..., A\ € F), not all of which
are zero. Since this holds for infinitely many primes p, Lemma 8.1 gives the
linear dependence of fi,..., fs over Q, a contradiction with (i). This proves
that B is invertible.

Now since B is invertible, we can express yi, ..., ys as Fp(z)-linear combina-
tions of z1,...,zs and thus Fy(z,y1,...,ys) C Fp(x, 21,...,2). This contra-
dicts the fact that z,z1,..., 2, are algebraically dependent over F,(x). Thus
the polynomial P, is not identically zero, which ends the proof. [l
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Lemma 8.3. — Let f(z) = Za(n)x" € L, let p be a prime number, and
n=0

set A(x) = Zfl;% a(n)a™. Then there exist a nonzero polynomial Q(z) € Z|x]

and a number m (both independent of p) such that for every non-constant

irreducible factor C(x) of Aj,(z) either C™(z) does not divide A,(z) or C(x)

divides Qp().

Proof. — By assumption f satisfies a relation of the form
> P@)f @) = o,
i=0

where Py,..., P, belong to Z[z] and P, is nonzero. Let d be the largest
of the degrees of Py,...,P,. Note that by Remark 8.1, we have f(z) =
A(z)f(aP) (mod p) and thus f(z) = A(z) mod (zP,p). This gives:

> Pi(x)A%(z) = 0 mod (a”,p).
i=0

Thus we may write

(8.26) > Pi(x)A% () = 2P B(x) (mod p),
i=0

for some polynomial B € Fp[z] with deg B < d. Now take m = r +d and sup-
pose that Aj,(z) has an irreducible factor C(x) € Fp[x] such that C™ divides
App. Then C(z)™" divides the left-hand side of Equation (8.26) modulo p
and hence must divide 2P B(z). Since by assumption a(0) = 1, we have that
C(0) # 0, and thus C(x)™"" divides B(x). But m —r > d and so the degree
of C'(x)™~" is strictly greater than the degree of B(x) which implies that B(x)
is identically zero. Thus we have

ZB(:E)A(i) () =0 mod p.
=0

Notice that the largest power of C(x) that divides A® (x) modulo p is larger
than the power dividing A (z) modulo p for i < r. Hence C(z) divides Py ()
modulo p. Taking Q(x) = P.(z), we get the desired result. O

Corollary 8.1. — Let fi(x),..., fs(x) € L. Given a prime p and an integer
i with 1 < i <s, let Aj(x) € Zlx] be such that fi(x) = A;j(x)fi(xP) (mod p).
Assume that for every p in an infinite set of primes S, there are integers
ai,...,as € Z, not all zero, such that the following hold.
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(i) There are two relatively prime polynomials A(x) and B(z) in Fylx] such
that Ay(z)® --- Ag(2)® = (A(z)/B(z))”"" mod p.

(i) |ai|+ -+ |as| < /Ps.

Then there is a nonzero polynomial T'(x) € Z[x] that does not depend on p and
such that every non-constant irreducible factor of either A(x) or B(x) must be
a divisor of Tj,(z) for every p € S large enough.

Proof. — Let p be in S. Let C'(x) be some non-constant irreducible factor of
either A(z) or B(z). Let v denote the valuation on F,(x) induced by C(z).
Then we infer from (i) that

p(Ar(2)™ - As(z)®)| = p— 1.

But Lemma 8.3 gives that there is some Q;(x) € Z[z]| and some natural number
m; (both independent of p) such that

v (Ai(2)™)] < lailms

unless C(z) divides Q;,(z). We then infer from (ii) that C(x) should divide
Qi‘p(x) as soon as p is large enough. Then, for p large enough in S, every
irreducible factor of either A(z) or B(x) must divide 7j,(z), where T'(z) :=
Q1(x)---Qs(x). This ends the proof. O

Lemma 8.4. — Let s be a natural number and let fi(x),..., fs(x) € L. Sup-
pose that for infinitely many primes p there is a polynomial Q(x,x1,...,xs) €
Zlz][z1,...,ws] of total degree at most \/ps in x1,...,xq such that Q, is
nonzero and Q(f1(x),..., fs(x)) = 0 (mod p). Then there is a nontrivial
Q-linear combination of fi(x)/fi1(x),..., fL(x)/[fs(x) that belongs to Q(x).

Proof. — Let S denote an infinite set of primes for which the assump-
tion of the lemma is satisfied and let p € S with the property that
p > /ps. Then we choose a polynomial Q(z,z1,...,25) € Z[z][z1,..., 24
of total degree at most /ps in z1,...,74, such that @, is nonzero and
Q(f1(x),..., fs(x)) =0 (mod p). In addition, we choose () having, among
such polynomials, the fewest number of monomials in x1,...,xs occurring
with a nonzero coefficient (coefficients are polynomials in x). As before, we let
A;(z) denote an element of Z[z] such that f;(z) = A;(x)f;(zP)(modp). Since
Q(z, fi(x),..., fs(x)) =0 (mod p) we also have Q(zP, f1(zP),..., fs(aP)) =
Q(2P, f1(x) /A1 (), ..., fs(x)/As(z)) = 0 (mod p). We let T be the set of

indices (i1,...,is) € N® such that 2} - -z’ occurs in Q with a nonzero coef-
ficient. Then we have
(8:27) > cua@)fi e fP =0 (mod p)

(91,5e-0y85)ET
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and

(8.28) > i @) Ar() T Ag() TS f =0 (mod p).
(91,5e-0y0s)ET

Pick (ji,...,Js) € T. Multiplying Equation (8.27) by ¢;, ;. (2P) and Equa-

tion (8.28) by ¢j,,.j.(x) A1 ()7 - -+ As(z)’* and subtracting, we obtain a new

relation with a smaller number of terms. By minimality, this ensures that all

coefficients should be congruent to zero mod p. It thus follows that for all

(i1,...,i5) € T we have

Cit s (€)C1,ega (@F) = iy (2P) Gy g (@) Ar (@) 70 - Ag(2) 7 mod p.
Equivalently, this gives that
ity (@) TP Vg ()P = Ar(@) T Ag(2) T (mod p).

Since T has at least two elements, we see that there exist aq1,...,as € Z,
not all zero and dependent on p, with |a;| + --- + |as| < /ps and such that
AP A% = (A(z)/B(z))P~! (mod p), for some relatively prime polyno-
mials A(z) and B(z) in Fy(z). By Corollary 8.1, there exists a polynomial
T(x) € Z[x] that does not depend on p and such that every non-constant
irreducible factor of either A(x) or B(z) must be a divisor of Tj,(x). Set

h(z) = f; “*(z)--- fy%(x) and R(z) = A(z)/B(x). Then

hat) = frot@h)-- [ (2”)
= fi%(@) S5 (@) AT (2) - AP (2) (modp)
h(z)R(z)P~! (modp)

and so h(x) is congruent to a scalar multiple of R(z) modulo p. Without loss of
generality, we may assume that f; ** --- f7% = R(z) (mod p). Differentiating
with respect to = and dividing by f; *' --- f; %, we obtain that

Y aifi(z)/filx) = R'(z)/R(z) (mod p).
i=1

Since by assumption p > ,/ps and not all the a; are equal to zero, this
provides a non-trivial linear relation over IF,. Now let us observe that
R'(z)/R(z) = U(z)/T(x) mod p for some polynomial U(z) € Z[x] of degree
less than the degree of T'(z). Let d denote the degree of T'(x). Then we
just proved that 1,z,...,2% Y T(z)F|(z)/Fi(z),...,T(x)F.(z)/Fs(x) are F-
linearly dependent when reduced modulo p. Since this holds for infinitely many
p, Lemma 8.1 implies the existence of linear relation over Q. Dividing such a
relation by T'(x), we obtain that there exists a nontrivial Q-linear combination
of fi(x)/f1(x),..., fi(x)/fs(x) that belongs to Q(z). This ends the proof. 0

We are now ready to prove Theorem 1.5.
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Proof of Theorem 1.5. — Let s be a positive integer. Set
64s—1

1
Ry(z1,...,T645-1) = Z € Zl[z1, ..., Tets—1]]
= 1—(z1+...+ )

and f(x):= A (Rs). An easy computation first gives that

. <1—(x1+1---+xr)> - i <”m">xn

n=0

2 (rn)!
= ).
n!
n=0
Thus, f(x) = fe(z)+- -+ fers—1(x). Our aim is now to prove that deg(f,) >

p*/2 for every prime p large enough.

We recall that for every r > 1, the power series f, belongs to £. We also
let A,(z) be a polynomial such that f.(z) = A,(x)fr(zP) mod p. Notice that
Stirling’s formula gives

! -r
(8.29) (rn)! ~ L2 o

nlr
and so the radius of convergence of f,(x) is 1/r" and by Pringsheim’s theorem,
a singularity occurs at « = 1/r". This implies that fi, fo,... are linearly
independent over Q. Indeed, if, for some positive integer n, there would be a
nontrivial relation ay f1+- - - a, f, = 0 with a,, # 0. We would have that a,, f, =
a1 fi1 + -+ ap—1fn_1 but the right-hand side is analytic in a neighbourhood
of 1/n™ while the left-hand side is not.

We also infer from (8.29) that
! _ ! _
—(T?T)'r_’"" ~ 22 and n(r?)'r_m ~ V22
n! n!

For r > 6, the right-hand sides are both in O(1/n%/?) which implies that
lim,_,(1/pry~ fr(z) and limg_, ry- f.(z) both exist and are finite.

We observe now that f/(x)/f;(x) must have a singularity at x = 1/r",
while it is clearly analytic inside the disc of radius 1/r". Indeed, otherwise
it would be analytic in an open ball U containing 1/r" and we may define a
function 7,.(z), analytic in U, by declaring T,(z) = fy fi(2)/ fr(2) dz, where
v is any path in U from 1/r" to z. Then notice that f.(z)exp(—T,(z)) has
derivative zero on U and thus f,(z) = Cexp(—T,(z)) would be analytic in
U, contradicting the fact that f, has a singularity at 1/r". Furthermore, if
t > r, then f,.(1/t') > 0 is nonzero and hence f/(z)/f.(z) is analytic in some
neighbourhood of 1/t!.
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We claim there does not exist a nontrivial Q-linear combination of elements
of {f/(z)/fr(x) | r > 6} that is equal to a rational function. To see this,
suppose that we have a nontrivial relation

n
(8.30) Y cf@)/fi(x) = R(x) € Q(x)

i=6
with ¢, # 0. Recall that ¢, [} (z)/fn(x) has a singularity at x = 1/n". But,
by the preceding remarks, the other terms are analytic in a neighbourhood of
x = 1/n™ and thus R(z) must have a pole at x = 1/n". Otherwise, we could
express ¢, f1(2)/ fn(x) as a linear combination of elements that are analytic in
a neighbourhood of 1/n", which would give a contradiction. But if we look at
the limit as  — 1/n" from the left along the real line, we have that the limit of
the left-hand side of Equation (8.30) is a real number since lim,_, 1 /n)- fn(7)
and lim,_,q (,n)- f;,(z) both exist and are finite, while the limit on the right-
hand side goes to infinity since R has a pole at z = 1/n"™, a contradiction.
Thus, there does not exist a nontrivial Q-linear combination of elements of
{fl(x)/f-(z) | > 6} that is equal to a rational function.

Now, by Lemma 8.4, we obtain that there do not exist infinitely many
primes p for which there is a polynomial Q(z,z1,...,xs) € Z[z][z1,..., x4
of total degree at most /ps in m1,...,z4 such that @), is nonzero and
Q(fe(x),..., fors—1(z)) = 0 (mod p). Since fq,..., fers—1 are linearly in-
dependent over Q, Lemma 8.2 implies that deg( fip) = p*/? for every prime p
large enough, concluding the proof. O

9. Connection with enumerative combinatorics, automata theory
and decidability

Formal power series with integer coefficients naturally occur as generating
functions in enumerative combinatorics (see [31, 33]). In this area we have
the following natural hierarchy:

{ rational } C { algebraic } C { D-finite power series }

where a power series is differentially finite, or D-finite for short, if it satisfies a
homogeneous linear differential equation with polynomial coefficients. Most of
the generating functions that are studied in enumerative combinatorics turn
out to be D-finite (see for instance [33]). Now it may be relevant to make the
following observation: a D-finite power series in Z[[z]] with a positive radius
of convergence is a G-function and, according to a conjecture of Christol, it
should be the diagonal of a rational function, as it is “globally bounded” (see
[10, 11, 4]). Thus, at least conjecturally, most of D-finite power series that
appear in enumerative combinatorics should be diagonals of rational functions.
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The present work has some connection with the classical problem of finding
congruence relations satisfied by the coefficients of generating functions. Given
a generating function f(z) = > 72 ja(n)z" € Z[[z]], a prime number p, and
two nonnegative integers b and 7, a standard problem is to determine the
integers n such that a(n) = b mod p”. In other words, the aim is to describe
sets such as § := {n € N|a(n) =bmod p"}. Now, if f is a diagonal of a
rational function (which as just explained should be the typical situation), the
Furstenberg-Deligne theorem implies that fj, is algebraic over F(z). Then a
classical theorem of Christol [12], as revisited in [15], implies that the sequence
(a(n) mod p") is p-automatic which means that it can be generated by a finite
p-automaton. In particular, S is a p-automatic set. We recall that an infinite
sequence a with values in a finite set is said to be p-automatic if a(n) is a
finite-state function of the base-p representation of n. Roughly, this means
that there exists a finite automaton taking the base-p expansion of n as input
and producing the term a(n) as output. A set & C N is said to be p-automatic
if there exists a finite automaton that reads as input the base-p expansion of
n and accepts this integer (producing as output the symbol 1) if n belongs
to &, otherwise this automaton rejects the integer n, producing as output the
symbol 0. For more formal definitions we refer the reader to [1]. It was already
noticed in [26] that such a description in terms of automata provides a vast
range of congruences for coefficients of diagonals of rational power series. The
present work emphasizes some effective aspects related to these congruences.
Indeed, by Theorem 1.2 we are able to give an effective bound for the degree
and the height of the algebraic function f,. As explained in [1], this allows
to bound the number of states of the underlying p-automaton. This gives the
following result.

Theorem 9.1. — Let f(z) = > o2 ja(n)z" € Z[[z]] be the diagonal of an
algebraic function. Let b be a positive integer and p be a prime number. Then
the set

S:={neN|a(n)=bmodp}
is a p-automatic set that can be effectively determined. In particular, the
following properties are all decidable:

(i) the set S is empty.
(i) the set S is finite.
(iii) the set S is periodic, that is, formed by the union of a finite set and of a

finite number of arithmetic progressions.

As an illustration, we give in Figure 1 the picture of a 5-automaton that

2
generates the Apéry numbers a(n) = Y ), (2‘)2(";16) modulo 5. We thus
have that: a(n) = 0 mod 5 if the base-5 expansion of n contains at least a 1 or
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FIGURE 1. A 5-automaton generating the Apéry sequence modulo 5.

a 3; a(n) = 1 mod 5 if the base-5 expansion of n does not contains the digits 1
and 3 and if the number of 2’s is congruent to 0 mod 4; a(n) = 2 mod 5 if the
base-5 expansion of n does not contains the digits 1 and 3 and if the number of
2’s is congruent to 3 mod 4; a(n) = 3 mod 5 if the base-5 expansion of n does
not contains the digits 1 and 3 and if the number of 2’s is congruent to 1 mod 4;
a(n) = 4 mod 5 if the base-5 expansion of n does not contains the digits 1 and
3 and if the number of 2’s is congruent to 2 mod 4. In this direction, Beukers
made the following conjecture [5]: if r denotes the sum of the number of 1’s
and the number of 3’s in the base-5 expansion of n, then a(n) = 0 mod p".
Recently, Delaygue [13] announced a proof of this conjecture. In order to
answer this kind of question, it would be interesting to understand, given
the diagonal of a rational power series f(z) = > - a(n)z™ € Z[[z]], the
connection between the p-automaton that generates a(n) mod p” and the one
that generates a(n) mod p"*! for every positive integer r.
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10. Algebraic independence for G-functions with the Lucas
property

In this section, we come back to the results obtained in Section 8 when
proving Theorem 1.5. It turns out that we have incidentally proved a result
of independent interest about algebraic independence of some G-functions.

We recall that a sequence a : N — Z has the Lucas property if for every
prime p and every integer j, 0 < j < p—1, we have a(pn+j) = a(n)a(j) (mod
p). In 1980, Stanley [32] conjectured that, for positive integer ¢, the power
series y 7 (2n)t:17" is transcendental over Q(z) unless ¢ = 1, in which case
it is equal to 1/4/1 — 4x. He also proved the transcendence in the case where
t is even. The conjecture was proved independently by Flajolet [20] and by
Sharif and Woodcock [30] with two different methods. The proof of Sharif and
Woodcock is based on the Furstenberg—Deligne theorem and use the fact that

t . .
the sequence (27?) satisfies the Lucas property. These authors also proved in

the same way the transcendence of > 7 ( m n) z" for every integers r > 3,
t > 1. Their approach was then developed by Allouche et al. in [3] (see also
[2]) who obtained a general criterion for the algebraicity of formal power series
with coefficients in Q satisfying the Lucas property. However, it seems that
not much is known about algebraic independence of such power series. As a
first result in this direction, we prove Theorem 10.1 below. We recall that
L denotes the set of all power series in Z[[x]] that have constant coefficient
one, whose sequence of coefficients has the Lucas property, and that satisfy a
homogeneous linear differential equation with coefficients in Q(z).

Theorem 10.1. — Let fi,..., fs be elements of L such that there is no non-
trivial Q-linear combination of f1/f1,...,fl/fs that belongs to Q(x). Then
fi,--y fs are algebraically independent over Q(z).

Proof. — Let us assume that f1,..., fs are algebraically dependent. Then
there exists a nonzero polynomial @ € Z[z,x1,...,25] such that
Q(z, f1,...,fs) = 0. Note that for all sufficiently large primes p, the total
degree of @ is less than \/ps and @), is nonzero. Thus Lemma 8.4 implies the
existence of nontrivial Q-linear combination of f{/f1,..., f./fs that is equal
to a rational function, a contradiction. O

We then deduce the following consequences of Theorem 10.1.

. 0 9 r
CO’I’O”O/”y 10.1. — Set fr(x) = Z < ™ >$n and gr ‘= Z < 7’L> x".
Ny...,n n

n=0 n=0
Then {f, | r > 6} and {g, | r > 4} are two families of algebraically independent
functions over Q(x).
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Proof. — The fact that f, and ¢, belong to £ and are transcendental
over Q(z) can be found in [30]. Furthermore, we already obtained in the
proof of Theorem 1.5 in Section 8 that there is no Q-linear combination of
fr)frsooos fran/ frams 7 = 6, n > 1 that is equal to a rational function. The

fact that there is no Q-linear combination of g. /gy, ..., grin/Gr4n, 7 > 4,0 >1
that is equal to a rational function can be proved in a very similar way. Thus
Theorem 10.1 applies, which implies the result. U

We note that Theorem 10.1 can actually be used to prove the best pos-
sible results regarding algebraic independence of both families considered in
Corollary 10.1. Indeed, we could obtain that {f,. | » > 3} and {g, | r > 2} are
two families of algebraically independent functions over Q(z). We choose to
only give the statement in Corollary 10.1 here, as it is a direct consequence
of the results already proved in Section 8 and does not need additional work.
Furthermore, it may be the case that Theorem 10.1 also has interesting ap-
plications regarding algebraic independence of other classical families of G-
functions. Since it is not the focus of the present paper, we plan to investigate
this question in more detail in a future work.
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