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HYPERTRANSCENDENCE AND LINEAR DIFFERENCE
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1. INTRODUCTION

Number theorists have to face the following challenge. On the one hand, the
fields of rational and algebraic numbers are too poor, while, on the other hand, the
fields of real and complex numbers seem far too large (uncountable). An attempt
to classify transcendental numbers leads to the introduction of the ring of periods
P (see [KZ01]) and to the following classification:

QcQcPccC.

The main features of P are that most of classical mathematical constants (e.g., T,
log 2, ¢(3), F(1/3)3... belong to it, and that P is a countable set whose elements
contain only a finite amount of information and can be identified in an algorithmic
way. After the pioneering works of Cauchy and Riemann, analytic and holomor-
phic functions figure prominently in mathematics. As already observed by Hilbert
[Hil02], their study gives rise to a similar difficulty: the fields of rational and alge-
braic functions are too limited, but the ring C[[z]] is huge. In order to overcome this
deficiency, he suggested to classify transcendental functions according to whether
they are holonomic (i.e., satisfy a linear differential equation with polynomial coef-
ficients), differentially algebraic (i.e., satisfy an algebraic differential equation), or
not. Hence, we obtain the following classification:

(1.1) Rat C Alg C Hol C Dif C CJ[x]].

Functions that are not differentially algebraic are said to be hypertranscendental.
Note that, if we restrict our attention to power series with algebraic coefficients,
the rings Hol and Dif become countable, and, again, their elements contain only a
finite amount of information and can be identified in an algorithmic way. These
rings play, in the setting of holomorphic functions, a role similar to the one played
by P in the setting of complex numbers. The classification () is also significant
in enumerative combinatorics. To some extent, the nature of a generating series
reflects the underlying structure of the objects it counts (see the discussion in
[BMO6]). An appealing example, where all cases of (I.I]) appear at once, is given
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THowever, there should be some exceptions. For instance, it is conjectured that e is not a
period.
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by the study of generating series associated with lattice walks (see, for instance,
[DHRSI8] and the references therein).

Hilbert also observed that the class of differentially algebraic functions misses
important functions coming from number theory. Here are few examples. The very
first comes from a classical result of Holder [HoI87] stating that the gamma function
I'(z) is hypertranscendental. Furthermore, it follows from the identity

((z) = 2(27)*'0(1 — 2) sin (%) C(1—z)

that the Riemann zeta function is also hypertranscendental. In an other direction,
Moore [Moo96] has shown that f;(z) = >, -, 22" is hypertranscendental. A result
reproved and extended later by Mahler [Mah30a] in connection with the so-called
Mahler’s method in transcendental number theory. More recently, Hardouin and
Singer [HSO8| proved hypertranscendence for some g-hypergeometric series, such as

_N (-0 —ag? - (1—ag" ") ,
)= L T e T

where ¢ € C* is not a root of unity, a € ¢* and a® € ¢%. Most proofs about
hypertranscendence turn out to be based on the fact that the function under con-
sideration satisfies a functional equation of a different type (i.e., not differential).
For instance, the three results we just mentioned are respectively based on the
following linear difference equations:

Pz +1) =al(z), 1(2?) =fi(z) — @,

n=0

and
2ax — 2 x

fo(q*x) mb(ql‘) + ﬁfz(ﬂ?) =0.

Broadly speaking, satisfying both a linear difference equation and an algebraic dif-
ferential equation would enforce too much symmetry for a transcendental function.
In this paper, we follow this motto:

(A) A solution to a linear difference equation should be either rational or hy-
pertranscendental.

Of course, this must be taken with a pinch of salt. For instance, log(z), exp(x),
and the Jacobi theta function 6,(z) = > o, q (=127 are all differentially
algebraic, but they also satisfy the following simple linear difference equations:

log(z?) = plogx, exp(z+1) =eexp(z), b,(qx) = qul,(z).

Nevertheless, we obtain in this paper the first complete results about hypertran-
scendence of solutions to general linear difference equations associated with the shift
operator x — x + h (h € C*), the g-difference operator = — gz (¢ € C* not a root
of unity), and the Mahler operator = — aP (p > 2 integer). The only restriction
is that we constrain our solutions to be expressed as (possibly ramified) Laurent
series in the variable z (or in the variable 1/z in some special case associated with
the shift operator). For a precise statement, we refer the reader to our main result,
Theorem [[L2] which confirms guess (A) for these three operators.

1.1. Statement of our main result. All along this paper, our framework consists
in a tower of field extensions C C K C Fy C F with the following properties.
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e The field K is equipped with an automorphism p and a derivation 0.

e The automorphism p extends to Fj and F'.

e The derivation 9 extends to F', but Fj is not necessarily closed under 0.
Our aim is to prove that, if f € Fp is solution to a linear p-equation with coefficients
in K, then either f € K or f is hypertranscendental over K. Specifically, we
consider the following four situations, which we refer to as Cases Sg, So, Q, and
M, respectively.

Case Sg. In this case, we let K = C(x), 0 = %, and p denote the automorphism
of K defined by
p(f(x)) = flx+h), heC.

The automorphism p and the derivation 0 naturally extend to the of field F' :=
Mer(C) of meromorphic functions on C. Let Ky := C(z, exp(*z)) denote the field
generated over C(z) by the functions exp(¢x), £ € C. In this setting, we let Fj be
any field extension of C(x) on which p extends and satisfying the following three
conditions.

(i) Fo C Mer(C).

(i) {f € Fo|p(f) = f} =C.
Remark 1.1. For h = 1, let us see that we can choose Fy = C(z,I'(z)), where I'(z)
is the Gamma function. The functional equation I'(z 4+ 1) = zI'(z) shows that
p extends to Fy and it is well-known that I' € Mer(C). Thus, (i) holds. Now,
let B € Fy be such that p(8) = f. Writing 8 as a rational function in T' with
coefficients in C(z), and then using the functional equation satisfied by T and the
fact that T' is transcendental over C(z), we can deduce that 8 € C. Hence (ii)
holds. Finally, to prove (iii) it is sufficient to show that I" is transcendental over
K. The latter property follows from classical asymptotics showing that, for every
a(z) € Ko, we have lim,_,;  |I'(z)/a(z)| = +o0. Thus, Case Sy of Theorem [[.2]
is a generalization of Holder’s theorem.

Case So. In this case, we consider K, p, and 0 as in Case Sy. We note that the
automorphism p and the derivation 0 naturally extend to the of field of Laurent
series C((z71)), and we set Fy = F = C((z71)).

Case Q. In this case, we let K = J;5, C(z'/7) denote the field of ramified rational

functions. We also use the notation C(x/*) for this field. Given ¢ € C* that is not
a root of unity, we let p denote the automorphism of K defined by

p(f) = flam), D=

and we let o = F = J;5, C((x'77)) denote the field of Puiseux series. We also use
the notation C((2'/*)) for this field.

Case M. In this case, we let K = C(z'/*) and, given a natural number p > 2, we
let p denote the automorphism of K defined by

p(f(x)) = f(z"),
and we set 0 = 2L and Fy = F = C((z'/*)).

2A derivation d on K is a map from K into itself satisfying d(a + b) = 9(a) + 9(b) and
d(ab) = 9(a)b + ad(b) for every a,b € K.
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In all cases, 0 is a derivation on K and F. An element f in F' is said to be
differentially algebraic or O-algebraic over K if there exists n € N such that the
functions f,(f),...,0"(f) are algebraically dependent over K. Otherwise, f is
said to be hypertranscendental over K. Our main result reads as follow.

Theorem 1.2. Let K, Fy, and p be defined as in Cases Sg, So, Q, and M, and
let n be a positive integer. Let f € Fy be solution to the p-linear difference equation

of order n
(1.2) P () + an—1p" " (y) + -+ arp(y) +agy =0,
where ag, ...,an—1 € K. Then either f € K or f is hypertranscendental over K.

On the road to Theorem [[L2] there is already a whole bunch of partial results
and a number of them are used in our proof. These results can roughly be divided
into three different types.

e Those concerned with affine equations of order one, that is, with equations
of the form p(y) = ay+b. References include [HI87[Moo96LMah30al[Nis84!
Ran92|[Ish98,[Har08|[HS08|[Ngu12].

e Those concerned with equations whose difference Galois group is large (e.g.,
simple, semisimple, reductive). References include [HSO8[DHR18,DHRI16
AST7[ADR1S]. In particular, such results have nice applications to equa-
tions of order 2.

e Those dealing with general equations, but reaching only nonholonomicity
instead of hypertranscendence (see Theorem and Remark [[4]). Refer-
ences include [Ram92|[BG93|[Béz94[SS19].

Among these results, we quote the following one, which may be considered as a
first step towards a proof of Theorem (see Remark [[L4] for precise attribution).

Theorem 1.3. In each of the cases Sy, So, Q, and M, the following property
holds. Any element of Fy that satisfies both a p-linear equation and a O-linear
equation with coefficients in K belongs to K.

Remark 1.4. Theorem[L3can be rephrased by saying that, if f is as in Theorem [[.2]
then either f € K or f is not holonomic. Note that recently the authors of [SS19]
give a uniform proof for all cases of Theorem [[.3] see Corollaries 3 and 5 therein.
In each case, we also mention the original reference. Case Sy is due to Bézivin
and Gramain [BG93|]. Case S is due to Schéfke and Singer [SS19, Corollary 5].
Furthermore, in Cases Q and M, a change of variable of the form z = /¢, ¢ € N*,
can be used to reduce the situation to the case where K = C(z) and Fy = C((z)).
In the latter situation, Case Q is due to Ramis [Ram92], while Case M is due to
Bézivin [Béz94].

1.2. Strategy of proof. Elements of the rings Rat, Alg, and Hol are well-
understood. We have recurrence formulas for their coefficients, precise asymp-
totics, and a good understanding of their finitely many singularities. In contrast,
our knowledge about differentially algebraic functions is much more limited (see, for
instance, the survey [Rub89]). In fact, such functions can behave quite wildly. For
example, the function ™ is differentially algebraic and admits the unit circle
as a natural boundaryld. Thus, proving hypertranscendence requires more involved

3Incidentally, this example shows that the ”outrageous conjecture” suggested at the end of
p)
[Rub89] is false. Indeed, it follows from a theorem of Nesterenko that 27" is transcendental.
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tools, and is substantially more difficult than proving irrationality, transcendence,
or nonholonomicity. In this direction, Hardouin and Singer [HSO§| built a new
Galois theory of difference equations, which is designed to measure the differen-
tial dependencies among solutions to linear difference equations. In particular, it
applies to hypertranscendence. We refer the reader to [DV12] and [Harl6] for an
introduction to this topic. Our proof of Theorem relies on this theory.

Let us briefly describe our strategy. Since f satisfies a linear difference equation,
it is classical to associate with this equation its difference Galois group, which is a
linear algebraic group that encodes the algebraic relations between the solutions to
this equation. The more involved parametrized Galois theory developed in [HSO0S]
attaches to any linear difference equation, a geometric object, the parametrized Ga-
lois group, whose structure encodes the algebraic relations satisfied by the solutions
and their derivatives. This is not a linear algebraic group anymore, but a linear
differential group (see Section 2.2]). Nevertheless, both groups are strongly related
and, viewed on a suitable field extension, the latter is Zariski dense in the former
(see Proposition [20)). In this framework, we can conclude that f is hypertranscen-
dental when the corresponding parametrized Galois group is large. Furthermore,
there are several results, culminating in [AS17], showing that if the classical differ-
ence Galois group is large, then both groups are the same when viewed on a suitable
field extension. We emphasize that such results follow a strategy initiated in [HS08]
and developed further in [DHR1S]. It combines a fundamental result about classifi-
cation of differential algebraic subgroups of semisimple algebraic groups by Cassidy
[Cas72l[Cas89], parametrized Galois correspondence, and Theorem

We prove Theorem by induction on the order n of the p-linear equation
satisfied by f. We first prove the result for affine equations of order one. Then we
show that, iterating the associated linear system if necessary, one can reduce the
situation to the case where the associated difference Galois group G is connected.
Now, if G acts irreducibly on C", we show how to reduce the situation to the
case where G is semisimple. In that case, the difference Galois group is large
enough and a recent result of Arreche and Singer [AS17] allows us to conclude
that f is hypertranscendental. Finally, if G acts reducibly on C", we assume that
f is differentially algebraic and we show how to construct from f a differentially
algebraic function g that satisfies a linear equation of smaller order. Furthermore,
this construction ensures that g € K if and only if f € K. Applying the induction
assumption to g, we deduce that f € K, as wanted. Thus, once the case of order
one equation is solved, the proof really makes a dichotomy between irreducible and
reducible difference Galois groups.

1.3. An application to number theory. At the end of the 1920s, Mahler [Mah29|
Mah30bl[Mah30al introduced a new method for proving transcendence and algebraic
independence of values at algebraic points of analytic functions satisfying differ-
ent types of functional equations associated with the operator x — zP. Mahler’s
method aims at transferring results about the algebraic independence over Q(x)
of such functions to the algebraic independence over Q of their values at algebraic
points. A major result in this direction is Nishioka’s theorem [Nis90], which pro-
vides an analogue of the Siegel-Shidlovskii theorem for linear Mahler systems. Let
us also mention that significant progress in this theory has been made recently
[Phil5LAFT7,[AF20,[AF18]. Combining Case M of Theorem with Nishioka’s
theorem and following the line of argument given in the proof of Proposition 4.1 in
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[AT18], we can deduce the following general result. We recall that f(z) € Q[[z]] is
a p-Mahler function if there exist polynomials ag(z), . .., a,(z) € Q[z], not all zero,
such that
ag(x) f(z) + ar (@) f(2?) + - + an(@) f(@") = 0.

We simply say that f is a Mahler function if it is p-Mahler for some integer p > 2.
According to Theorem [[L2] a Mahler function is thus either rational or hypertran-
scendental. We recall that an irrational Mahler function is meromorphic on the
open unit disc and admits the unit circle as a natural boundary.

Theorem 1.5. Let f(x) € Q[[z]] be a Mahler function that is not rational, let r be
a positive integer, and let IC be a compact subset of the open unit disc. Then, for all
but finitely many algebraic numbers a € K, the complex numbers f(a), f'(a),. ..,
) (a) are algebraically independent over Q.

Results of this type have been first obtained by Mahler [Mah30a] for solutions
to affine order one equations. The main feature of Theorem is that it applies
to any irrational Mahler function. It is also almost best possible in the sense that
one cannot avoid the possibility of finding infinitely many exceptions in the whole
open unit disc. For instance, the transcendental 2-Mahler function

oo
fla) =] -3
n=0
vanishes at all algebraic numbers a such that a?" = 1/3 for some integer n > 0.

This shows that, even for 7 = 1, the exceptional set can depend on K. However, if
K is fixed, we do not know whether the exceptional set always remains finite when
r tends to infinity.

1.4. Organization of the paper. This article is organized as follows. In Section
B, we provide a short introduction to difference Galois theory and to parametrized
difference Galois theory, following [vdPS97,[HS08]. In Section Bl we describe, for
each Cases Sy, So, Q, and M, the suitable framework that is needed to use the
parametrized difference Galois theory of [HS08]. Several auxiliary results are gath-
ered in Section @l They concern algebraic groups, the behavior of the difference
Galois group when considered over different field extensions, and Picard-Vessiot
extensions associated with iterated systems. Finally, Section [b] is devoted to the
proof of Theorem

2. DIFFERENCE AND PARAMETRIZED DIFFERENCE (GALOIS THEORIES

In this section, we provide a short introduction to difference Galois theory and
to parametrized difference Galois theory.

2.1. Difference Galois theory. We first recall some notation, as well as classical
results, concerning difference Galois theory. We refer the reader to [vdPS97] for
more details.

2.1.1. Notation in operator algebra. A difference ring is a pair (R, p) where R is
a ring and p is a ring automorphism of R. If R is a field, then (R, p) is called a
difference field or a p-field. An ideal I of R such that p(I) C I is called a difference
ideal or a p-ideal. We say that the difference ring (R, p) is simple if the only p-ideals
of R are {0} and R. Two difference rings (R, p1) and (Rg, p2) are isomorphic if
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there exists a ring isomorphism ¢ between R; and R such that wop; = paop. A
difference ring (.5, p’) is a difference ring extension of (R, p) if S is a ring extension
of R and if pi r = p- In this case, we usually keep on denoting p’ by p. When R
is a p-field, we say that S is a R-p-algebra. Two difference ring extensions (R1, p)
and (Ra, p) of the difference ring (R, p) are isomorphic over (R, p) if there exists a
difference ring isomorphism ¢ from (Ri,p) to (Rg,p) such that pr = Idg. The
ring of constants of the difference ring (R, p) is defined by

R :={feR|p(f)=f}.
If R is a field, it is called the field of constants. If there is no risk of confusion,

we usually simply say that R, instead of (R, p), is a difference ring (or a difference
field, or a difference ring extension...).

2.1.2. Difference equations and linear difference systems. Let (K, p) be a difference
field. A linear p-equation of order n over K is an equation of the form

(2.1) L(y) = p"(y) + an—1p"""(y) + -+ ay =0,
with ag, ...,an_1 € K. If ag # 0, this relation can be written in matrix form as
(2.2) pY = A[;Y
where

0 1 0 0

0 0 1 . :

0 o --- 0 1

—ap —a; - —ap_1

The matrix A, is called the companion matrix associated with Equation 2.1). It
is often more convenient to use the notion of linear difference system, that is, of
system of the form

(2.3) p(Y) = AY, with A € GL,(K).

We recall that two difference systems p(Y) = AY and p(Y) = BY with A, B €
GL,(K) are said to be equivalent over K if there exists a gauge transformation
T € GL,(K) such that B = p(T)AT~!. In that case, p(Y) = AY if and only if
p(TY) = B(TY).

Remark 2.1. By [HS99, Theorem B.2.], if K contains a nonperiodic element with
respect to p, then the cyclic vector lemma holds, and any linear difference system is
equivalent to one given by a companion matrix associated with some linear equation.
Let L be a p-field extension of K and let (fo, fi,...,fn_1) € L™ be a nonzero
solution to a linear system p(Y) = AY, with A € GL,,(K). Then each coordinate
f; satisfies some linear p-equation over K of order at most n.

2.1.3. Picard-Vessiot rings and difference Galois groups. A Picard-Vessiot ring for
23) over a difference field (K, p) of characteristic zero is a K-p-algebra satisfying
the following three properties.
(1) There exists U € GL,,(R) such that p(U) = AU. Such a matrix U is called
a fundamental matriz.
(2) R is generated as a ring over K by the coordinates of U and by det(U)™1!,
that is, R = K[U,det(U)™}].
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(3) R is a simple difference ring.

A Picard-Vessiot ring is not always an integral domain. However, it is a direct
sum of integral domains which are transitively permuted by p. More precisely, by
[vdPS97, Corollary 1.16], there exist » > 1 and orthogonal idempotent elements
€o,---,€r—1, such that

R=eR® - -®e, 1R,

where e;R is an integral domain and p(e;) = €;41moar. We recall that Picard-
Vessiot rings always exist. Indeed, it is sufficient to endow the polynomial K-
algebra K[X, det(X)] with a structure of K-p-algebra by setting p(X) = AX Then,

for any maximal p-ideal 9 of K[X, W(X)]’ the quotient R = K[X, det ]/zm is a
Picard-Vessiot ring. However, this construction does not guarantee that the ring of
p-constants has not grown. This justifies the introduction of the more convenient
notion of Picard-Vessiot extension.

A Picard-Vessiot extension Q for ([Z3)) over a difference field (K, p) of character-
istic zero is a K-p-algebra Q satisfying the following properties.

(1) There exists U € GL,(Q) such that p(U) = AU. Such a matrix U is called
a fundamental matrix.

(2) Q is a pseudofield extension of K, that is, there exist a positive integer r,
orthogonal idempotent elements eg, ..., e._1 of Q, and a field extension L
of K such that @ =egL ® ... D e,—1L and p(e;) = €it1modr-

(3) Q is the smallest pseudofield extension of K containing U.

(4) 9r = K*.

When Q is a field, we say that Q is a Picard- Vessiot field extension. By [vdPS97,
§1.1], if K” is algebraically closed, then there exists a Picard-Vessiot extension
and two Picard-Vessiot extensions are isomorphic as K-p-algebras. The relation
between Picard-Vessiot-rings and Picard-Vessiot-extensions is given by Proposition
22| which is a straightforward consequence of [OW15], Proposition 2.5 and Corollary
2.6].

Proposition 2.2. If K? is an algebraically closed field of characteristic zero, then
the following properties hold.
o Let Q be a Picard-Vessiot extension over K and let us define
R := KU, dct( ]C Q, where U is a fundamental matriz. Then R is a
Picard-Vessiot rmg
e If R is a Picard-Vessiot ring over K then the total quotient rmgﬂ of R is a
Picard-Vessiot extension.

From now on, we assume that K is a p-field such that k := K7 is an algebraically
closed field of characteristic zero. Let Q be a Picard-Vessiot extension over K. The
difference Galois group Gal(Q/K) of ([Z3]) over K is defined as the group of K-p-
algebra automorphisms of Q:

Gal(Q/K) :={o € Aut(Q/K) | poo = o o p}.
For any fundamental matrix U € GL,(Q), an easy computation shows that

U=to(U) € GL,(k) for all o € Gal(Q/K). By [vdPS97, Theorem 1.13], the faithful

4We recall that, given a ring R, its total quotient ring is defined as the localization of R at the
multiplicative set formed by all nonzero divisors of R.
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representation

Gal(Q/K) — GL,(k)
o = U le(U)

identifies Gal(Q/K) with a linear algebraic subgroup G C GL, (k). Choosing
another fundamental matrix of solutions U leads to a conjugate representation.

2.1.4. Torsor and algebraic relations. A fundamental result in difference Galois the-
ory ([vdPS97, Theorem 1.13]) says that the Picard-Vessiot ring R is the coordinate
ring of a Gal(Q/K)-torsor over K. Thereby, the difference Galois group controls
the algebraic relations satisfied by the solutions to the underlying linear system.
As a corollary of this structure of Gal(Q/K)-torsor, one obtains the fundamental
equality

dimGal(Q/K) = trdegx Q,

where we let trdeg Q denote the transcendence degree of the field extension L/K.
Here, the field L is defined as in (2) of the definition of a Picard-Vessiot extension.

2.1.5. The Galois correspondence. The Galois correspondence for linear difference
systems can be summarized as follows (see [vdPS97, Theorem 1.29]).

Theorem 2.3. Let Q be a Picard-Vessiot extension over K. Let R denote the set
of K-p-algebras F such that F C Q and such that every nonzero divisor of F is
a unit of F. Let G denote the set of algebraic subgroups of Gal(Q/K). Then the
following properties hold.

- For any F € R, the set
G(Q/F) :={c € Gal(Q/K) |o(f) = f, VfeF}

is an algebraic subgroup of Gal(Q/K).
- For any H € G, the set

Q" ={feQla(f)=f VYoeH)}

belongs to R.
- The maps

r: R—g
F— G(Q/F)

g: G=>R

and s QH

are each other’s inverses.

Remark 2.4. In the case where R is an integral domain, Q is a difference field,
and Theorem [Z.3] provides a correspondence between the difference subfields of Q
containing K, on the one hand, and the algebraic subgroups of Gal(Q/K), on the
other hand.

2.2. Parametrized difference Galois theory. We recall here some notation and
results concerning parametrized difference Galois theory. We refer the reader to
[HSO8] for more details.
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2.2.1. Notation in operator algebra. A differential ring is a pair (R, J) where R is
a ring and § is a derivation on R, that is, a homomorphism of the additive group
from R into itself satisfying the Leibniz rule:

d(ab) = 6(a)b+ ad(b).

If R is a field, then (R,0) is called a differential field or a J-field. The ring of
constants of R is defined by

R ={f€R|s(f)=0}.

Let L be a é-ring extension of a d-ring R. Given a subset S of L, we let R{S}s
denote the smallest R-d-algebra generated by S. A field K endowed with a structure
of both difference and differential field is called a (p,d)-field if p and § commute,
that is, if

pod(f) =50 p(f)
for every f € K.

The study of algebraic structures of difference and differential fields is the main
object of the so-called differential and difference algebra. We refer the interested
reader to the founding book of Kolchin ([Kol73]) for further details concerning
differential algebra and to the book of Cohn for further details concerning difference
algebra ([Coh65]). It is worth mentioning that these two setting are very different.
In order to avoid many analogous definitions, we use the following convention: we
add an operator prefix to an algebraic attribute to signify the compatibility of the
algebraic structure with respect to the operator. For instance, a (p,d)-ring is a
ring equipped with p and ¢, a (p, §)-field extension K C L is a field extension such
that the fields L and K are (p,d)-fields and such that the action of p and ¢§ are
compatible with the field extension, and so on.

2.2.2. (p,d)-Picard-Vessiot ring and the parametrized difference Galois group. Let
K be a (p,d)-field and let A € GL,, (K). We consider the difference system

(2.4) p(Y) = AY.

A (p,8)-Picard-Vessiot ring for Z4) over K is a (p,6)-ring extension R of K
satisfying the following three properties.

(1) There exists U € GL,,(R) such that p(U) = AU. Such a matrix U is called
a fundamental matrix. _
(2) R is generated as a d-ring over K by the coordinates of U and by det(U) ™!,
that is, R = K{U,det(U) '}s.
(3) R is a simple (p,0)-ring, that is, the only (p, §)-ideals of R are {0} and R.
A (p, 6)-Picard-Vessiot ring is not always an integral domain but it is a direct sum
of integral domains closed under § and transitively permuted by p. A construction
similar to that of Section shows that (p, §)-Picard-Vessiot rings always exist.
Again, this construction does not ensure that the ring of p-constants has not grown.
This justifies the introduction of the more convenient notion of (p, §)-Picard-Vessiot
extension. _ _ _
A (p, §)-Picard-Vessiot extension Q for (Z4]) over K is a K-p-d-algebra satisfying
the following properties.

(1) There exists U € GL,,(Q) such that p(U) = AU. Such a matrix U is called
a fundamental matrix.
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(2) Qisa pseudo J-field extension of I? that is, there exist a positive integer r,
orthogonal idempotent elements e, . .., e, of @ and L a d-field extension
of K such that Q = eOL D...Ben_ 1L and p(€e;) = €i+1modr-

(3) Q is equal to K(U), that is, the smallest pseudo d-field extension of K
containing U.

(4) Q° = K*.

When @ is a field, we say that é is a (p,d)-Picard-Vessiot field extension.
By [Wib12, Corollary 9], if KP is algebraically closed, then there exists a (p,0)-
Picard- Vessmt extension Q for 24) over K. The smallest K- (p, 0)-subalgebra
K {U, det T +s of Q generated by a fundamental matrix and the inverse of its deter-
minant is a (p, §)-Picard-Vessiot ring. However, in order to ensure the uniqueness
of (p,d)-Picard-Vessiot rings up to IN(—(p,é)—algebra isomorphisms, one needs the
field K? to be d-closed ([HS08, Proposition 6.16]). We recall that a differential field
(L, ¢) is called differentially closed or d-closed if, for every set of d-polynomials F,
the system of d-equations F = 0 has a solution in some d-field extension of L if
and only if it has a solution in L. Note that a d-closed field is algebraically closed.
Differentially closed fields are huge and, for instance, none of the function fields K
introduced in Section [[.1] satisfies the assumption that K” is differentially closed.
Nonetheless, working with d-closed fields allows us to simplify many arguments.
Thus, we will embed K into a (p, ¢)-field K whose field of p-constants is d-closed,
and we will use some descent argument to go back to K if necessary (see Sections
Bl and [42)).

From now on, we let K denote a (p, 8)-field whose field of p-constants C:=K°r
is &-closed. Let Q be a (p, 6)-Picard-Vessiot extension over K. The parametrized
difference Galois group Gal’(Q/K) of 24) over (K,p,d), also called the (p,d)-
Galois group, is defined as the group of K -(p, 0)-algebra automorphisms of o:

Gal’(Q/K) := {0’€Aut(é/k) poo =ocopand 600:005} .

The parametrized difference Galois group Gal’(Q/K) is a geometric object that
encodes the differential algebraic relations between the solutions to (24]). See [HS0S,
Proposition 6.24] for more details. Roughly speaking, the larger Gal’(Q/K), the
fewer d-algebraic relations over K that hold among the elements of Q.

For any fundamental matrix U € GL, (@)7 an easy computation shows that
U~lo(U) € GL,(C) for any element o € Gal®(Q/K). By [HS08, Proposition 6.18],
the faithful representation

Gal’(Q/K) — GL,(C)
o — U le(U)
identifies Gal’(Q/K) with a linear differential algebraic subgroup H C GL,(C),
i.e., a subgroup of GL,(C) that can be defined as the vanishing set of polynomial

d-equations with coefficients in C. Furthermore, choosing another fundamental
matrix U leads to a conjugate representation.

2.2.3. Comparison between difference Galois groups and parametrized difference
Galois groups. Let R denote a (p, 0)-Picard-Vessiot ring for the system (24 over K,
let Q denote the associated (p, §)-Picard-Vessiot extension, and let U € GL,(R) be
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a fundamental matrix of solutions. ~ By [HSO8, Proposition 6.21], R :=
K[U,det(U)~"] is a Picard-Vessiot ring for (Z4) over K. Let Q denote the Picard-
Vessiot extension corresponding to R. Then we have Q C Q and one can identify
Gal’(Q/K) with a subgroup of Gal(Q/K) by restricting the elements of Gal’(Q/K)
to Q. The following result provides a fundamental link between classical difference
Galois theory and its parametrized counterpart, see [HS08, Proposition 6.21].

Proposition 2.5. The parametrized difference Galois group Gal’(Q/K) is a
Zariski-dense subgroup of Gal(Q/K).

3. THE PARAMETRIZED FRAMEWORK

Let us go back to our K, Fy, F, p, D corresponding to Cases Sg, Sec, Q, and M
(see Section [[LT)). We first observe that, in each case, K? = C is algebraically closed
and K has characteristic zero. Hence the theory of [vdPS97] described in Section
2T applies. In this section, we describe some suitable field extensions K of K , and
Cof C =Fr , that allow us to apply the parametrized difference Galois theory of
[HSO8] described in Section

We first recall that any differential field K has a differential closure, i.e., a
differentially closed field extension that can be embedded in every differentially
closed field extension of K. In Case Sy, we set § := J, and we let C' denote a
0-closure of CY, the subfield of Mer(C) formed by those meromorphic functions
that are h-periodic. Note that C}, is also a J-field for p and § commute. Sometimes,
we will use the notation Ch instead of C. In Cases Sec and Q, we also set § := 0,
and we let C denote a d-closure of C and we set C := C. By IDHR18, Lemma 2.3],
in these three cases, the field

K := Frac(K @¢ C)

is a (p, §)-field extension of K such that K* = C.

Case M is a bit more tricky. Indeed, in order to apply the theory of [HSO0S],
we need to consider a derivation § on K such that & and p commute. Following
[DHR1§|, we let log denote a transcendental element over K, and we define § =
log X0 to be the derivation that acts on K (log) by

d(log) = log and §(z%) = az”log .

Then we define a structure of p-field on K (log) by setting p(log) = p log We observe
that K (log)? = C and that p and § commute. Fmally, we consider C a §-closure of

C such that p acts trivially on C. We set C := C and by [DHRIR, Lemma 2.3], the
field

K := Frac(K (log) ®¢ C),

is a (p, §)-field such that K# = C.

In all cases, K is a p-field of characteristic zero such that K = C, F is a p-field
extension of K with C' := F?, and K is a (p, 0)-field of characteristic zero, such
that K¥ = C , where Cis differentially closed. Furthermore, p and § commute. The
following table summarizes the different frameworks we consider in this paper.
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Case | F K C |0 ) C | K

So Mer(C) | C(x) Ch % % Ch | Cr(x)

S. |C(@ ) [C) |C |4 |4 € [Cw)

Q C((=z*) | C/") | C |zt [zL C | C(z'*)
M C((z'*) | C@/") | C |add |logxzL | C | C(z'/*)(log)

Remark 3.1. Note that the field of d-constants of C' is the algebraically closed field
C. Then, by [CS07, Lemma 9.3], the field of d-constants of C is also C. At some
places, we will consider some iteration of the operator p. In Case Sy, it might
happen that we start with the p-field extension K= CN’h(:z:) of K, and then consider
this extension as a p"-field extension. Note that CN’h #+ 6\}; Nonetheless, CN'h is a
p"-constant field and all results of Section [ can be applied to the (p",§)-field K.

4. AUXILIARY RESULTS

In this section, we let (K, p) be a difference field of characteristic zero and we
consider a p-linear difference system

(4.1) p(Y) = AY, with A € GL,,(K),
where k := K* is an algebraically closed field.

4.1. Irreducible and reducible difference Galois groups. The strategy for
proving Theorem is very different according to whether the difference Galois
group associated with the difference equation over K satisfied by f is irreducible or
not. By irreducible, we mean that the group acts irreducibly on k"; see Definition
L1l We point out that this is different from saying that an algebraic group, viewed
as an algebraic variety, is irreducible.

Definition 4.1. Let G C GL, (k) be a group. We say that G is irreducible if it
acts irreducibly on k", that is, if the only k-vector subspaces of k™ invariant by G
are {0} and k™. We say that G is reducible otherwise. When G is an irreducible
group, we say that G is imprimitive if there exist an integer » > 2, and V1,...,V,,
some k-vector spaces satisfying the following conditions.

() k"=Vi®d-- - aV,.

(ii) For every g € @G, the mapping V; — ¢(V;) is a permutation of the set

{Vlv RN V;“}

We say that G is primitive otherwise.

The next result shows that a difference Galois group that is irreducible and
imprimitive cannot be connected. We recall that an algebraic group G is connected
if it has no proper open subgroup with respect to the Zariski topology. The identity
component of G is the connected component of G containing the identity.

Lemma 4.2. Let G C GL, (k) be an algebraic group. If G is connected and irre-
ducible, then G is primitive.

Proof. Let us assume by contradiction that G is imprimitive. Then there exist
an integer » > 2 and some nonzero C-vector spaces Vi,...,V, C k" such that
k" =V; @ --- @ V,.. Furthermore, the action induced by every element of G on k™
is a permutation of the sets {V1,...,V;}. Let Gy, denote the stabilizer of V; in G.
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This is an algebraic subgroup of G. We claim that it has finite index in G. Let us
assume by contradiction that there are an infinite number of cosets ¢,Gv, of Gy, in
G. Since the group of permutations of a set with r elements is finite, there exist two
distinct cosets g1 Gy, and g2Gy, such that g; and go induce the same permutation
of the V;’s. In that case, g5 g, stabilizes V; and thus belongs to Gv,, providing a
contradiction. This proves the claim. Now, since Gy, is a closed subgroup of G of
finite index, it contains the identity component of G. The latter is equal to G for
G is assumed to be connected. This means that V; is invariant under the action of
G. Hence, G is reducible. This provides a contradiction. (]

Now, let us recall the definition of a difference module; see [vdPS97, §1.4].

Definition 4.3. A K-difference module M is a pair (M, X) where M is a finite-
dimensional K-vector space and ¥ is an additive endomorphism of M such that
S(AY) = p(M)XE(Y) for every Y € M and X € K.

Let A € GL,,(K). The K-difference module M 4 attached to the system p(Y) =
AY is Mg = (K™, X 4), where 4(Y) = A7!p(Y). Given a monic linear difference
operator £ = agy + a1p(y) + - - - + p"(y) with coefficients a; in K and ag # 0, one
can consider the corresponding linear difference system p(Y) = A,Y, where A is
the companion matrix of £. If K contains a nonperiodic element with respect to p,
then [HS99, Theorem B.2] asserts that any K-difference module M is isomorphic
to M4, for some monic linear difference operator £. This is equivalent to the
existence of a so-called cyclic vector in M, that is, a nonzero element e € M such
that the vectors e, X(e),..., X" !(e) form a K-basis of M.

Lemma [4.4] characterizes linear difference systems whose difference Galois group
is reducible.

Lemma 4.4. Let G C GL,,(k) be the difference Galois group of (I over K and
let v be an integer with 0 < r < n. The following statements are equivalent.

e There exists a G-submoduld] of k™ of dimension r over k.

o There exists a difference submodule of dimension r in the K -difference mod-
ule M4 associated with ([@I]).

o There exists T € G, (K) such that

~1_ (B1 B
p(TYAT " = (0 B3>

with By € GL,.(K).
In particular, G is reducible if and only if the statements above hold for some r,
with 0 < r < n. Furthermore, if the matriz A in 1)) is the companion matriz of
a difference operator L, then L admits a nontrivial right factor if and only if G is
reducible.

Proof. Since the category of K-difference modules is a Tannakian category, the
first two statements are nothing else than the usual Tannakian equivalence, see
[And01] Théoreme 3.2.1.1]. Completing a K-basis of a difference submodule M in
My of dimension 7, 0 < r < n, to a K-basis e = (ey,...,e,) of K™, shows that

By BQ), with B; € GL,(K).

the matrix of ¥ in the basis ¢ is of the form B = < 0 B
3

5k™ is a G-module via G C Gl (k).
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Let T € GL,,(K) denote the matrix associated with the change of basis from the
canonical basis f = (f1,..., fn) to e. Then

BTf = Be=%(e) =X(Tf)=p(T)Af.

This proves the equivalence between the second and the third statements.

Now, let us assume that A is the companion matrix of some difference operator £
and that there exists a nontrivial difference submodule A/ of M 4. Let e be a cyclic
vector of M 4 such that £ is the minimal monic linear difference operator annihilat-
ing e. Since N is a nontrivial difference submodule of M 4, then dimg M4 /N < n
and there exists a nontrivial monic linear difference operator £, of order smaller
than or equal to dimg M 4 /AN such that £ie € A. The element £;e is nonzero by
minimality of £. Since N is a difference submodule of M 4 there exists a monic
linear difference operator L5 of order smaller than or equal to dimgN such that
L5L1(e) = 0. By minimality of £, this proves that £ = £5£7, where £; has order
smaller than n. Conversely, if there is a nontrivial factorization £ = L5£1, then
the difference module corresponding to £ is a nontrivial difference submodule of
M. Hence G is reducible. O

4.2. Going up and down. In this section, we let K, Fj, p be defined as in Section
[T, and we let K be defined as in Section B Lemmas and compare the
difference Galois groups over K and over K.

We recall that a connected linear algebraic group G is said to be semisimple if it
is of positive dimension and its only solvable (or, equivalently, Abelian) connected
closed normal subgroup is the trivial group.

Lemma 4.5. Let A € GL,,(K) and let G (resp. G) be the Galois group of p(Y) =
AY over K (resp. K). The following properties hold.

e In Cases So, Soo, and Q, we have G = G(CN')
e In Case M, if G is semisimple, then G = G(C).

Proof. In Cases Sg, So, and Q, the field extension K of K is obtained by extension
of the field of constants C to C. Then, [CHS08, Corollary 2. 5] gives that the
difference Galois group over K is just the extension of G to the C- points.

Let us deal with Case M. Let G denote the difference Galois group over K (log).
As previously, we infer from [CHS08, Corollary 2.5] that G = G(C). Thus, it
remains to prove that G = G when G is semisimple. By [DHR18, Proposition 1.6],
we can see G as a subgroup of G such that one of the following two situations
occurs.

(1) 6=0G.
(2) G is a normal subgroup of G and G/G ~ G, the multiplicative group
(C*, ).
By [Mill7, Corollary 21.50], a semisimple algebraic group is perfect, that is, equal
to its derived subgroup, see [Mill7, Definition 12.45]. Thus, a semisimple algebraic
group has no nontrivial abelian quotient. Hence, (2) cannot occur. We deduce that
G = G, which ends the proof. |

Lemma 4.6. Let A € GL,(K) and let G (resp. G) be the Galois group of p(Y )=

AY over K (resp. K) The group G is irreducible if and only if the group G is
irreductble.
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Proof. In Cases Sp, Seo, and Q, Lemma [£.5] ensures that G = G(CN') and the result
follows directly.

Let us deal with Case M. We infer from [CHS08, Corollary 2.5] that G = G(C),
where we let G denote the Galois group of the system over K (log). Thus, it remains
to prove that G is irreducible if and only if G is irreducible. As seen in the proof of
Lemma 48] G is a subgroup of G. Thus, G is reducible as soon as G is reducible.
Conversely, let us assume that G is reducible. By the cyclic vector lemma over K,
the linear difference system (1)) is equivalent to an equation

Li=p"+an1p" '+ +ag=0,

with a; € K and ag # 0. Since G is reducible, Lemma 4] gives that £ admits a
factorization over K (log). Multiplying £ by some nonzero element if necessary, we
can get rid of the denominators. Then, there exists o € K[log] such that

al = (bpp" +bp_1p" P o) (Cnorp™ A enk1p" T )

where b;, ¢; € Kllog], bpbocn—rco # 0, and 0 < k < n. Rewriting the equation in
terms of powers of log, one finds

Z logi(aiﬁ) = Z log” ,C,.i Z logj Dj 5

1210 K>Ko Jj>Jo

where L., D; are linear difference operators over K, a; € K, oy, € K*, and Ly, :=
Zi:o vrp" and Dj, are nonzero. Using the fact that log is transcendental over
K and plog = plogp, we deduce that igc = ko + jo. Considering the terms in
log™ in both sides of the factorization, we deduce that £ = ﬁMDjo where M =

Zi:o 707 p" | leading to a nontrivial factorization of £ over K. By Lemma [£4]
we obtain that G is reducible, as wanted. O

Now, we prove the following descent lemma.
Lemma 4.7. For Fy, K and K defined as in Section Bl, we have
RNK =K.

Proof. Let us first consider Case Q. Let a € Fy N C(z'/*). There exists a positive
integer 7 such that a € C((z'/7)) N C(x'/"). It follows that there exists a positive
integer N such that xVa € C[[/7]]. Thus, 2V a is a formal power series in 2!/" with
complex coefficients that represents a rational fraction with coefficients in C. This
property can be characterized by the vanishing of its associated Kronecker-Hankel
determinants (see, for instance, [Sal63 p. 5]). This condition does not depend on
the field of coefficients, so we deduce that zNa € C(2'/"). Hence, a € K.

The proof of Case S, is entirely similar. For Case M, if a € C((z'/*)) N
C(z/*)(log), we use the fact that the logarithm is transcendental over C((z!/*)) to
conclude that a € C((z*/*)) N C(z'/*). Arguing as above, we can show that a € K.

Now, let us deal with Case So. Let a € Fy N C(z). Since Fy C Mer(C), one
can find oy € C such that a € C[[z — x¢]]. Once again, using Kronecker-Hankel
determinants, one can deduce that a € K. ([l
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4.3. Tterating the difference operator. For every positive integer /, let us set
Ay = p"HA) x - x A€ GL,(K).

Note that if U is a fundamental matrix of p(Y') = AY, then it is also a fundamental
matrix of p/(Y)) = AjgY . In other words, a vector solution to the system p(Y) = AY
is also a solution to the iterated system p‘(Y) = AiqY . In this section, we show that,
replacing the original system by a suitable iteration, we can reduce the situation to
the more convenient case where the corresponding Galois group is connected and
the Picard-Vessiot extension is a field.

This iteration process might introduce some new constants. Lemma shows
that this cannot happen when the field of p-constants is algebraically closed.

Lemma 4.8. Let L be a p-field such that LP = k, and r be a positive integer.
Then, any p"-constant of L is algebraic of degree less than or equal to r over k. In
particular, if k is algebraically closed then LP = k.

Proof. Let a € L be a p"-constant. Then the polynomial P(X) = (X —a)--- (X —
p"~Y(a)) belongs to LP[X] = k[X]. This proves that a is algebraic over k of degree
less than or equal to 7. (|

One of the main difficulty of difference algebra is the control of the algebraic
difference field extensions. This is the source of many technical difficulties and
connected to the fact that the theory ACFA is unstable (see [CH99]). The difference
fields (K, p) introduced in Section [Tl have the following very strong property with
respect to finite difference field extensions, which will allow us to bypass these
difficulties.

Lemma 4.9. Let r be a positive integer. In each of the cases Sg, Seo, Q, and M,
there are no proper p"-field extension of K of finite degree.

Proof. The results in [Hen97,Hen98,[Roql8] cover all cases. |
We are now ready to prove the following result.

Proposition 4.10. Let (K, p) be defined as in Section [Tl and let L be a p-field
extension of K such that LP = C. Let (f1,...,fn)" € L™ be a nonzero solution to
@ID). Let G be the difference Galois group of @Il over K. There exists a positive
integer r such that the following properties hold.

(a) There exists a Picard-Vessiot field extension Q for p"(Y) = A Y over (K, p"),
with a fundamental solution matriz U having (f1,..., fn)" as first column.

(b) The difference Galois group G, := Gal(Q/K) of p"(Y) = AjY over (K, p")
coincides with the identity component of G and is therefore connected.

Though this result can be easily deduced from the proof of [DHR16, Proposi-
tion 4.6] in the particular case where the parametric operator is the identity, we
find it more convenient for the reader to include the proof below.

Proof. (a) Since K (f1,..., fn)? C L? = C, there exists a Picard-Vessiot ring Ry for
p(Y) = AY over K(fi,..., fn). Since fi,..., fn € Ry, there exists a fundamental
matrix U for Ry having (f1,..., f,) " as first column. Let Qg be the total quotient
ring of Ry. By Proposition 2.2] we find Qf = C.

Set R := K[U,1/det(U)]. The difference ring (R, p) is a subring of the Picard-
Vessiot ring (R, p). Since any element of R that is a zero divisor in Ry is a
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zero divisor in R, see for instance [Roq18, Lemma 5], the total quotient ring Q of R
embeds in Qp and consequently is a pseudofield (see [Wib10, Lemma 1.3.4]). Conse-
quently C € Q” ¢ Qf = C. Then Q° = C, and (9, p) is a Picard-Vessiot extension
for p(Y') = AY over (K, p). Since K” = C is algebraically closed, the uniqueness
of Picard-Vessiot extensions above K allows to conclude that Gal(Q/K) = G. We
have proved that we can embed any solution in L in a Picard-Vessiot extension

above K.
By Proposition [Z2] R is a Picard-Vessiot ring for p(Y) = AY over (K, p). Let
€, - - -, er—1 denote the orthogonal idempotents relative to its ring structure. Note

that K[f1,..., fn] is an integral domain that is closed under p. Fori =0,...,7r—1,
let ¢; : R — ¢;R denote the projection from R to e;R. Note that ¢;(x) = we;.
Let us prove that the restriction to K[f1,..., f,] of this projection is injective for
all i € {0,...,7 — 1}. Suppose to the contrary that there exist a nonzero element
x € K[f1,...,fn) and ¢ € {0,...,7 — 1} such that ¢;(z) = 0. Since p permutes
the integral domains e; R, we find that zp(z)---p"~1(z) = 0. The latter equality
provides a contradiction with the fact that K[fi,..., f,] is an integral domain which
is closed under the injective morphism p. Thus, ¢;K|[f1,..., fn] C ;R is a copy
of K[f1,..., fn] in e;R. Since K* = C is algebraically closed, Lemma .8 implies
that K?" = C. By [xdPS97, Lemma 1.26], (e;R, p") is a Picard-Vessiot ring for
the p"-system p"(Y) = Ap1Y and e;R is an integral domain. Its total quotient
ring Q; is a field and, since K*" is algebraically closed, Q; is a Picard-Vessiot field

extension by Proposition By construction, @ contains f,..., f,, and we can
thus choose a fundamental matrix having (f1,..., f,) as first column.

(b) By [Roql18l Theorem 12], G, = Gal(Q;/K) is a normal algebraic subgroup
of G and the quotient G/G, is finite. To conclude, it remains to prove that G, is
connected. Let G2 denote its identity component. The Galois correspondence, see
Theorem 23] gives that the p"-field Qlcg is a finite extension of K. Lemma (4.9
implies that QlGﬁ = K and, applying the Galois correspondence again, we deduce
that G, = G,.. O

Remark 4.11. The proof of (b) shows that, if G is connected, then, for every positive
integer ¢, the Galois group of p*(Y) = ApgY over K coincides with G.

In the parametrized framework, we have the following similar result.

Proposition 4.12. Let L be a (p,9)-field extension of K with LP = 5, and let
(fi,--., fa)T € L™ be a nonzero solution to @I)). Then there exist a positive
integer v and a parametrized Picard-Vessiot field extension Q for p"(Y) = A Y

over I~( with a fundamental matriz U having (fi,..., f.) as first column.

Proof. The proof is similar to the one of Proposmon (0] and [DHRI18, Lemma
3.7], just noting that, by Lemma [4.8] KP" =C for C is algebraically closed. a

The following result is obtained by combining the two previous propositions.

Corollary 4.13. Let (f1,...,fn)" € F} be a nonzero solution to 1) and let G
be the difference Galois group of ([{dl). Then, there exists a positive integer r such
that the following properties hold.
(a) There exists a (p",d)-Picard-Vessiot field extension Q for p"(Y) = ApY
with a fundamental matriz U having (f1,..., fa)" as first column over K
(where K = 6’\;;1(:10) for some positive integer s dividing r in Case Sg).
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(b) The difference Galois group of p"(Y) = Aj)Y over K coincides with the
identity component of G.

Proof. By Proposition [£I0] there exists a positive integer s such that the difference
Galois group of p*(Y) = Ap4Y is equal to the identity component of G. In order
to apply Proposition to the system p°(Y') = A[qY’, we need to embed Fp into
a (p®, 0)-field extension L of K with L*" = C. We proceed as follows.
e Case Sg. We let F; denote the smallest (p°, §)-subfield of Mer(C) contain-
ing Fy and Cjp. Since Mer(C)?" = Clp, we find that P = C4,. Let
C denote a é-closure of Cspn, considered as a constant p°-field. The field
extensions C' and F} are linearly disjoint above Cjj, (see [Wib10, Lemma
1.1.6]). Thereby, their compositum L is the fraction field of C ®c,, Fi
(see [Bou90, A.V.13]). Arguing as in the proof of [DHRIS, Lemma 2.3], we
obtain that L has the required properties.
e Cases S, and Q. We let L be the fraction field of Fy ®¢ C.
e Case M. We let L be the field C((z/*))(log).
Applying Proposition to the system p°(Y) = A[gY over I?, one can per-
form a second iteration to obtain a system p*(Y) = AiyY satisfying (a). By

Remark BTT] the difference Galois group of p*!(Y) = AjgnY over K is the identity
component of G. This ends the proof. |

5. PROOF OF THEOREM

This section is devoted to the proof of our main result. Before proving Theo-
rem in full generality, we first consider the following two particular cases.

- The function f is solution to an inhomogeneous equation of order one.
- The difference Galois group of the equation associated with f is both con-
nected and irreducible.

All along this section, we keep on with the notation of Sections [[.1] and B

5.1. Affine order one equations. Various hypertranscendence criteria for solu-
tions to inhomogeneous order one equations have already been obtained, see for
instance [Ran92lTsh98|[HS08,[Ngul2]. We first deduce from these criteria the fol-
lowing result.

Proposition 5.1. If f € Fy is solution to an equation of the form p(f) =af +,
with a,b € K, then either f is O-transcendental over K or f belongs to K.

Proof of Proposition 51l Let us first note that if a = 0, then f = p~1(b) € K. We
can thus assume that a # 0. Furthermore, we observe that, in Cases Q and M,
we can use a change of variable of the form z = z!/¢ to reduce the situation to the
case where K = C(z). From now on, we thus assume that K = C(z). Let us also
assume that f is 0-algebraic over K. It remains to prove that f € K.

We first note that Case M corresponds to [Ran92, Théoreme 5.2]. Now, let us
consider Cases Sp, S, and Q, which are partially covered by [HS08|. We recall the
following definition from [HSO8|, §6.1] (see also [vdPS97, §2]). We say that o € K
is standard if, for all positive integers ¢, o and p’(a) have no common zero or pole.
By |[HSO8, Lemma 6.2], there exists a standard element a* and a nonzero e € K
such that a = a*p(e)/e. It follows that f/e is solution to the equation

p(f/e) =a"fle+b/p(e).
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Set g = f/e and b = b/p(e). Since e € K, it suffices to prove that g € K. Let us
note that g = f/e is 0-algebraic over K.

The same argument as in [ADR18, Lemma 3.6] shows that there exists a nonzero
d-algebraic solution of p(y) = a*y +b/p(e) in a (p, §)-Picard-Vessiot field extension
of K. In Case S, [HSO08, Proposition 3.9] implies that a* € C and there exists
h € K such that b = p(h) —a*h. In Case S, the same argument as in the proof
of [HS08| Proposition 3.9] also yields the same conclusion. We obtain that

plg) = ag+b
a*g+ ph) —a*h.

Hence p(g — h) = a*(g — h). If g = h, then g € K and we are done. Thus, we can
assume that g # h. In that case, setting f = g — h, we obtain p(d(f)) = a*d(f). It
follows that p((f)/f) = d(f)/f, and thus (f)/f € C C K. Since f € F satisfies
both a linear p-equation and a linear 0-equation with coefficients in K, Theorem
implies that f € K. Since h € K, we deduce that g € K, as expected.

In Case Q, the same argument as in the proof of [HS08|, Proposition 3.10] shows
that a* = cz® for some ¢ € C* and « € Z, and one of the following conditions
holds.

(a) a* = ¢" for some 7 € Z, and b = p(h) — a*h + dz” for some h € K and
deC. .
(b) a* ¢ ¢* and b = p(h) — a*h for some h € K.
In Case (a), we deduce that

“h “h
(5.1) p<g )— = tdg

.erT
Since (g — h)/x" € Fy, we can consider its expansion in Puiseux series. Since ¢ is
not a root of unity, we easily deduce from Equation (B.I]) that (¢ —h)/2" € C C K.
Hence g € K, as wanted.

In Case (b), we have that a* ¢ ¢% and b = p(h) — a*h for some h € K. Tt follows
that p(g — h) = cx®(g — h), where g — h € Fj is a Puiseux series. Arguing as in
Case (a), we obtain that o = 0 and g —h = ¢pz” for some r € Q and ¢y € C. Hence
g € K. This ends the proof. O

For order one equations over K whose solutions do not necessarily belong to Fp,
one has the following criterion for differential algebraicity.

Lemma 5.2. Let L be a (p,0)-field extension of K with L* = C. Let feLrL
such that p(f) = af with a € K*. Then, f is d-algebraic over K if and only if

a= cxa%g) for some c € C*, a € Q, and g € K*. Moreover, « = 0 in Cases Sy,
So, and M.

Proof. Cases Sp, S, and Q can be deduced in a similar way to [HS08, Corol-
lary 3.4] (resp. Case M is given by [DHRI18, Proposition 3.1]), combined with some

descent argument to go from C to C. Such argument is similar to the one given in
the proof of [HS08| Corollary 3.2]. O

5.2. Connected and irreducible Galois groups. As a second step, we consider
the situation where the difference Galois group is both connected and irreducible.
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Proposition 5.3. Let us assume that n > 2. If f € Fy is a nonzero solution to
FEquation ([L2) and if the corresponding difference Galois group G over K is both
connected and irreducible, then f is O-transcendental over K.

Proposition [£.3]is obtained as a direct consequence of the following more general
result.

Proposition 5.4. Let us consider a linear system of the form (@Il with n > 2.
Let us assume that the difference Galois group G for [@Il) over K is connected and
irreducible. Let Q be a (p,d)-Picard-Vessiot field extension for @) over K, with
fundamental matriz of solutions U. Then every column of U contains at least one
element that is §-transcendental over K.

Proof of Proposition 5.3l We argue by contradiction, assuming that f is 9-algebraic
over K. Then all coordinates of the vector (f,...,p" 1(f))" are also d-algebraic
over K. This follows from the fact that p and 0 almost commute, that is, 0p = cpd
with ¢ = 1 in Cases Sp, So, and Q, and ¢ = p in Case M. We deduce from
the construction of ¢ with respect to 9 given in Section [B] (and the fact that log
is d-algebraic for Case M) that all coordinates of the vector (f,...,p" (f))" are
also d-algebraic over K.

Now, let A denote the companion matrix associated with Equation (L2]). Since
(f,...,p""Y(f))T € F§ is nonzero, CorollarylZZE{Iensures the existence of a positive
integer r and a (p", §)-Picard-Vessiot field extension Q for p™(Y) = AY over K
such that the vector (f,...,p" 1(f))" is the first column of a fundamental matrix
U. Furthermore, Remark ATl ensures that the Galois group of p"(Y) = A}, (Y)
over K is equal to G, for the latter is connected. Thus, Proposition [(5.4] applies with
p replaced by p", providing a contradiction. |

It remains to prove Proposition[5.4l As a key argument, we will use the following
result due to Arreche and Singer [AS17, Lemma 5.1]. It says that the parametrized
Galois group must be as big as possible when the difference Galois group has an
identity component that is semisimple.

Proposition 5.5. Let us consider a system p(Y) = AY, where A € GL,,(C(x)) in
Cases Sg and Soo, and where A € GL,,(C(x/%)) for some positive integer £ in Cases
Q and M. In Cases Sy, So, and M, we let G C GL, (N) denote the difference
Galois group over K, and H C GL,(C) denote the (p, §)-Galois group over K. In
Case Q, we let G C GL,,(C) denote the difference Galois group over C(z'/*), and
H C GL,(C) denote the (p,8)-Galois group over C(z'/%). As in Proposition 2.3,

we see H as a subgroup of G. If the identity component of G is semisimple, then
H=@G.

Proof. Cases Sy and S are explicitly proved in [AS17, Lemma 5.1], since, by
Remark B.11 the field of differential constants of Cis C. Cases Q and M are not
explicitly proved in [AS17, Lemma 5.1] for we consider the slightly more general
situation where A € GL, (C(z'/*)). However, the result follows easily from the
argument given in the proof of [AS17, Lemma 5.1]. |

We are now ready to prove Proposition (.41

Licensed to University Claude Bernard Lyon. Prepared on Sat May 8 09:46:20 EDT 2021 for download from IP 134.214.188.171.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



496 BORIS ADAMCZEWSKI ET AL.

Proof of Proposition [5.4. We let H denote the (p, d)-Galois group of ([@I]) over I?,
that is,

H = Gal’(Q/K) C GL,(C).

We also let G denote the Galois group of p(Y) = AY over K. Let us argue by
contradiction, assuming the existence of one column of U whose coordinates are all
d-algebraic over K.

We first show that all entries of U are d-algebraic over K. Since G is irreducible,
Lemma 4.6l implies that G is irreducible too. By Proposition 2.5 H is Zariski dense
in the irreducible group G. This implies that H is irreducible, since otherwise, H
would be conjugated to a group formed by block upper triangular matrices, as well
as its Zariski closure, contradicting the irreducibility of G. Now, let S denote the
C-vector space of solution vectors over O whose entries are all d-algebraic over K.
By assumption, S is not reduced to {0}. Furthermore, S is invariant under the
action of any ¢ € H. Since H is irreducible, we deduce that S contains n linearly
independent solutions to ({1]). In other words, all columns of U belong to S, which
implies that all entries of U are §-algebraic over K , as claimed.

We observe that the determinant det(U) is solution to the equation

(5.2) p(y) = det(A)y

and that the difference Galois group of this equation over K is the group det(G).
Since all entries of U are §-algebraic over K , we obtain that det(U) is also d-algebraic
over K. We first consider the particular case where det(U) € K, and then we move
to the general case.

Let us first assume that det(U) belongs to K. In that case, det(G) = {1} and
therefore G C SL, (C). We recall that G is assumed to be connected and irreducible.
According to Lemma 2] we have that G is primitive. By [SU93| Proposition 2.3],
we finally obtain that G is semisimple. By Lemma 3] G = G(é’) is semisimple
too.

In Cases Sg, So, and M, we infer from Proposition that H = G. Since
all entries of U are d-algebraic over K, the d-dimension of the (p, §)-Picard-Vessiot
extension is zer(ﬁ, and therefore the §-dimension of H is zero by [HS08, Proposi-
tion 6.26]. By a result of Kolchin [Kol73| Chap. IV, Proposition 10], the dimension
of an algebraic group G over C is the same as the d-dimension of G viewed as a
differential group over C. This proves that the dimension of H equals the dimen-
sion of G(C) . Since C is algebraically closed, the dimension of G(C) over C equals
the dimension of G over C. Thus, the above equality H = G = G(E’) implies that
the dimension of the algebraic group G over C is zero. We recall that an algebraic
group of dimension zero is just a finite group, and that a finite connected group
has cardinality one. Thus, we deduce that G = {I,,}, where we let I,, denote the
identity matrix of size n. Since by assumption n > 2, this provides a contradiction
with the assumption that G is irreducible. This ends the proof in these cases.

In Case Q, the system p(Y) = AY has coefficients in C(z'/*) and the entries
of U are §-algebraic over é(xl/e), for some positive integer ¢. Let Gf{,z denote

the difference Galois group of p(Y) = AY over C(z'/%). Since K is an algebraic
6We refer the reader to [IS08| P. 374] for a definition of the notion of §-dimension of a (p, §)-

Picard-Vessiot ring and of a (p, §)-Galois group.
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extension of C(z1/%), we deduce from [RoqI8, Theorem 7] that G and G , have
the same identity component, which is G since the latter is connected. Hence
the identity component of G R is semisimple. By Proposition B3], it follows that
Hy = G ,, where H, denote the (p,d)-Galois group over C(z/%). Furthermore,
the entries of U are §-algebraic over C (2'/%) which implies that the d-dimension of
Hy is zero. Since H; = Gz ,, we get as previously that the algebraic group G ,
has dimension zero. Since G’f{ cG 70 this proves that the dimension of G'z is also
zero, and we can argue as previously to get a contradiction.

Now, let us consider the general case. We remind that det(U) is J-algebraic
over K and p(det(U)) = det(A)det(U). By Lemma [5.2] there exist some rational
number « and nonzero elements ¢ € C and g € K such that det(4) = cz®p(g)/g.
Furthermore, o = 0 in Cases Sg, So, and M.

Let us consider the rank one linear difference system

(5.3) ply) = ¢ Hmameiny.

Since Qis a (p, §)-field with Q¥ = C, there exists a (p, §)-Picard-Vessiot extension
Q; for (B3]) over Q. Let (A) € GL1(Q1) be a fundamental matrix associated with

this system. Then
P()\) _ c—l/nx—a/n)\

and A is invertible in él. Using the commutativity of § and p, we obtain that

S(A ~ ~
J (%) el =0C,
which shows that A is d-algebraic over C. In particular, it is 5—alggbraic over K.

Thus, all entries of the matrix AU € GL,,(Q;) are é-algebraic over K.
On the other hand, we set

B=cY"7%/"A € Gl,(K) and Up = AU.

Note that p(Ug) = BUg. Let Gp be the difference Galois group of the system
p(Y) = BY over K. Our choice of B ensures that det(B) = p(g)/g. Thus, the
equation
ply) = det(B)y

has a solution in K. It follows that its difference Galois group det(Gp) is reduced
to {1}. Hence, Gp C SLy(C). For k > 1, we let G, denote the difference Galois
group of pF(Y) = ByY over K. By Proposition BI0 there exists r > 1 such that
Gp,, is connected. Furthermore, p"(g)/g = det(By,) and the difference Galois
group of p"(Y) = BpY over K remains included in SL,(C). Let us notice that

Ap) = o By

for some a,. € K*.

We claim that G, is irreducible. Let us argue by contradiction, assuming that
Gp,, is reducible. By Lemma[4, there exists T € GL,(K) such that p"(T) B}y T~!
is a block upper triangular matrix, and we deduce that

oy p"(T)BypyT™" = p"(T) AT
By Lemma [£4] we obtain that G,, the difference Galois group of the system

p"(Y) =AY over K, is conjugated to a group of block upper triangular ma-
trices, which implies that G, is reducible. By Remark 11l G, = G, providing a
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contradiction with the assumption that G is irreducible. This proves that G By 18
irreducible.

Finally by Lemmald2] the irreducible connected group G By, is primitive. Again,
since Gp,,; C SLy,(C), we infer from [SU93| Proposition 2.3] that Gp,, is semisim-

ple. Since O sa pseudo d-field that contains K and all coordinates of U B, we have
K(Ug) C Q1 (see Section for the notation). Furthermore, since Q° = C, the
pseudo d-field K (Ug) is a (p", §)-Picard-Vessiot extension for p"(Y) = Bp,1Y over
K.

Since all entries of Ug are §-algebraic over K , we can apply Proposition and,
arguing as in the first part, we deduce that Gp,, = {I,,}. Since n > 2, we obtain a
contradiction with the fact that G By, 18 irreducible. O

5.3. The general case. We are now ready to prove Theorem

Proof of Theorem [L21 We argue by induction on n. More precisely, our induction
assumption reads as follows.

(H,) For all positive integers k and all f € Fy that is solution to a p*-linear
equation of order at most n with coefficients in K, we have either f is
O-transcendental over K or f € K.

Proposition [5.1] implies that (H;) hold true. Let n > 2 and let us assume (H,_1).
Let f € Fy be solution to a p*-linear equation of order n with coefficients in K.
Without any loss of generality, we can assume that f # 0 and k£ = 1. Considering
the companion matrix associated with this equation, Corollary T3] ensures the
existence of a positive integer r such that the following properties hold.

(a) The vector (f,...,p" Y(f))T is solution to the system p"(Y) = AY for
some A € GL,,(K).

(b) There exists a (p",8)-Picard-Vessiot field extension Q for p"(Y) = AY
over K, such that the vector (f,...,p" *(f))7 is the first column of a
fundamental matrix U € GL,(Q).

(c) The difference Galois group G of the system p"(Y) = AY over K is con-
nected.

If G is irreducible, Proposition 5.3 shows that f is 0-transcendental. Hence (H,,)
holds. From now on, we assume that G is reducible. Furthermore, we assume that
f is O-algebraic over K. Thus, it remains to prove that f € K. Without loss of
generality, we can assume that r = 1.

By Lemma (4] there exists a gauge transformation T = (¢; ;) € GL,(K) such
that

A A
-1 _ 1 1,2

where A; € GL,,(K), n; + na = n, and 0 < ng < n. Furthermore, let us assume
that n; is minimal with respect to this property.
Set

(5.4) (90)i<n = T(p"(f))i<n € F5' -

The vector (gi)v—l'z—lJrlSign € Fy'? is solution to the system p(Y) = A2Y. Furthermore,
since f is O-algebraic over K, the g; are also J-algebraic over K. By (H,,) and

Licensed to University Claude Bernard Lyon. Prepared on Sat May 8 09:46:20 EDT 2021 for download from IP 134.214.188.171.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



HYPERTRANSCENDENCE AND LINEAR DIFFERENCE EQUATIONS 499

Remark 2.J] we obtain that

.
(5.5) (9i)ny +1<i<n € K™

Let G denote the difference Galois group of the system p(Y) = A;Y over K. We
claim that G is connected and irreducible. Indeed, if G; were reducible, then by
Lemma 4] there would exist a gauge transformation changing A; into a block
upper triangular matrix, contradicting the minimality of n;. Furthermore, the
Galois group of p(Y) = A1Y over K is a quotient of the connected group G and
thereby a connected group.

The main step of the proof consists in showing the following result.

Claim. One has nq = 1.

Proof of the claim. By assumption, f is 0-algebraic over K. Arguing as in the
proof of Proposition [5.3] we get that all coordinates of the vector (f,...,p""1(f))
are d-algebraic over K. Then, (B4) implies that all the g;’s are also d-algebraic over
K. We have to distinguish two cases.

Let us first assume that all the g;’s belong to K. By (5.4) and Lemma BT, we
obtain that B

Vie{l,...,n}, gi€e kN K=K

and hence (f,...,p" Y(f)" = T7Yg1,...,9,)" € K" Thus the vector
(f,...,p" 1(f)) T is fixed by the difference Galois group G. By Lemma 4] there
exists P € GL,,(K) such that

—1_ (b1 Bip

for some matrices By 2 and By with coefficients in K and a nonzero b; € K. By
minimality of ni, we obtain that n; = 1, as wanted.

Now, let us assume that at least one the g;’s does not belong to K. Note that, by
assumption, the f;’s all belong to Q and thus the gi’s all belong to Q too. We let H
denote the (p,d)-Galois group of p(Y) = AY over K. By the parametrized Galois
correspondence [HS08, Theorem 6.20], we deduce the existence of some o € H, such

that .
( (gz))z<n # (gi)ign s
while (B.3) implies that o(g;) = g; for every i, n; + 1 < i < n. Set

T T
Uy = (gi)zgnl ) U = (gi)7L1+1§i§n a‘nd vy = ( (gl))z<n1 :
Hence w := u; — v1 is a nonzero vector. Since the coordinates of u; are d-algebraic
over K and o belongs to the (p, §)-Galois group H, the coordinates of v; are also J-

algebraic over K. Hence the coordinates of w are d- algebraic over K. Furthermore,
u1 and v; are both solution to the system

p(Y)=A1Y + A1 2us.
It follows that
p(w) = Ajw.
Since we have
C=K’cKwyrcg=C
Corollary 4 ensures the existence of a positive 1nteger s and a (p*,d)-Picard-
Vessiot field extension Q; for the system p*(Y) = (A1)gY over K such that w is
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the first column of a fundamental matrix. Furthermore, the difference Galois group
of p*(Y) = (A1)}5)Y is equal to Gy for the latter is connected. The coordinates of w

being J-algebraic over K and G; being connected and irreducible, Proposition [5.4]
implies that ni = 1. O

Now, let us prove that (¢1,...,9n) € K™. Set
T
U = (gz’)Qgign .
By (EH), we have us € K™ ! and thus A;sus € K. Furthermore, g € Fy is
solution to the inhomogeneous order one equation

p(Y) = A1Y + ALQ’U,Q .

Since g; is d-algebraic over K, Proposition .1l implies that g; € K, and hence
(91,---,9n) € K™. By (54, we obtain that

(fv SRR pnil(f))T = Tﬁl(gla v 7gn)T :
Since the coefficients of T' belong to K, it follows that f € K, as wanted. (]
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