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1. Introduction

It was observed long ago (see e.g., [32] or [20], page 62) that Roth’s theorem [28] and
its p-adic extension established by Ridout [27] can be used to prove the transcendence of
real numbers whose expansion in some integer base contains repetitive patterns. This was
properly written only in 1997, by Ferenczi and Mauduit [21], who adopted a point of view
from combinatorics on words before applying the above mentioned theorems from Diophantine
approximation to establish e.g., the transcendence of numbers with a low complexity expansion.
Their combinatorial transcendence criterion was subsequently considerably improved in [9] by
means of the multidimensional extension of Roth’s theorem established by W. M. Schmidt,
commonly referred to as the Schmidt Subspace Theorem [29, 30]. As shown in [4], this powerful
criterion has many applications and yields among other things the transcendence of irrational
real numbers whose expansion in some integer base can be generated by a finite automaton.
The latter result was generalized in [7], where we gave transcendence measures for a large class
of real numbers shown to be transcendental in [4]. The key ingredient for the proof is then the
Quantitative Subspace Theorem [31]. We described in [7] a general method that allows us in
principle to get transcendence measures for real numbers that are proved to be transcendental
by an application of Roth’s or Schmidt’s theorem, or one of their extensions.

Besides expansions in integer bases, a classical way to represent a real number is by
its continued fraction expansion. There is actually a long tradition in constructing explicit
classes of transcendental continued fractions and especially transcendental continued fractions
with bounded partial quotients [24, 13, 26, 11]. Again by means of the Schmidt Subspace
Theorem, existing results were recently substantially improved in a series of papers [1, 5, 6,
8, 17], providing new classes of transcendental continued fractions. It is the purpose of the
present work to show how the Quantitative Subspace Theorem yields transcendence measures
for (most of) these numbers, following the approach initiated in [7]. These measures allow us
to locate such numbers in the classification of real numbers defined in 1932 by Mahler [23] and
recalled below.

For every integer d > 1 and every real number &, we denote by wgy(§) the supremum of
the exponents w for which

0 <[P <H(P)™™

has infinitely many solutions in integer polynomials P(X) of degree at most d. Here, H(P)
stands for the naive height of the polynomial P(X), that is, the maximum of the absolute values
of its coefficients. Further, we set w(&) = limsup,_, . (wq(§)/d) and, according to Mahler [23],
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we say that £ is an

A-number, if w(&) = 0;
S-number, if 0 < w(§) < oo;
T-number, if w(§) = oo and wg(§) < oo for any integer d > 1;

U-number, if w(£) = oo and wg(§) = oo for some integer d > 1.

An important feature of this classification is that two transcendental real numbers that belong
to different classes are algebraically independent. The A-numbers are precisely the algebraic
numbers and, in the sense of the Lebesgue measure, almost all numbers are S-numbers. The
existence of T-numbers remained an open problem during nearly forty years, until it was
confirmed by Schmidt, see Chapter 3 of [16] for references and further results. The set of U-
numbers can be further divided in countably many subclasses according to the value of the
smallest integer d for which w,4(&) is infinite.

Definition 1.1. Let ¢ > 1 be an integer. A real number £ is a Uy-number if and only if wy(§)
is infinite and wq(§) is finite ford =1,...,0 — 1.

The Liouville numbers are precisely the U;-numbers.
To give a flavour of the results proved in the present paper, we quote below a theorem
established in 1962 by A. Baker [13].

Theorem (A. Baker). Consider a quasi-periodic continued fraction

é.: [a07a1> .. 'ano—lvanow . 'aano-i-’r‘o—l:a’nlv vy Qpydry—1y - - ']7
~~ 4 -~ s
Xo tlmes A\ times

where the notation implies that ny = nip_1 + Ax_17x_1 and the \;’s indicate the number of
times a block of partial quotients is repeated. Suppose that the sequences (ap)n>0 and (ry)n>0
are respectively bounded by A and K. Set

L =limsup A\p/Ap—1, £ =liminf\/Ax_1.
k—+o00 k—+o0

If L is infinite and ¢ > 1, then ¢ is a Us-number. Furthermore, if L is finite and £ > exp(4AX),
then £ is either an S-number or a T-number.

Baker’s theorem shows that the above quasi-periodic continued fractions for which £ is
sufficiently large cannot include Uz-numbers with d > 3, that is, there is a gap in the type
of transcendental numbers given by them. To the best of our knowledge, this remains up to
now the only result in the litterature providing a transcendence measure for transcendental
numbers defined via their continued fraction expansion as in [24, 13, 26, 11, 1, 5, 6, 8, 17].

The approach of the present paper leads to an improvement of Baker’s result. In Theorem
3.2 below, we obtain the same conclusion as in the Theorem above, with the assumption
¢ > exp(4AX) replaced by the much weaker one £ > 1. In particular, our result does not depend
on the values of A or K. The key point in the study of the continued fractions considered by
Baker is that some blocks of partial quotients are repeated consecutively an arbitrarily large
number of times. Besides these quasi-periodic continued fractions, our method also applies to
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continued fractions involving repetitive patterns in a more hidden form, as well as symmetric
patterns. An emblematic example is given by the Thue-Morse continued fraction

é-t = [172a271727171727"']a

whose sequence of partial quotients is the Thue—Morse infinite word on the alphabet {1, 2}, that
is, the n-th partial quotient of £ is equal to 1 if the sum of the binary digits of n is even and it is
equal to 2 otherwise. Although the Thue—Morse sequence is repetitive in the sense of Theorem
2.1 below, it is well-known that it does not contain a finite word repeated consecutively more
than twice. The fact that & is transcendental was established by M. Queffélec [26] only in
1998. As a consequence of Theorems 2.1 and 4.1, we strengthen her result by proving that & is
either an S-number or a T-number. This apparently provides the first transcendence measures
for real numbers of this shape.

All along this paper, we study continued fractions
€ :=lag,a1,...,ap,...],

such that the sequence (ql}/ e)gzl is bounded. Here, ¢, stands for the denominator of the ¢-th
convergent to £. We recall that this condition is in general very easy to check, and is not
very restrictive, since it is satisfied by almost all real numbers (with respect to the Lebesgue
measure). It is in particular always the case when the sequence (a¢)¢>o is bounded.

Our paper is organized as follows. In Section 2, we state a general result, Theorem 2.1,
providing transcendence measures for a large class of continued fractions. These are termed
purely stammering continued fractions. Following [1], we then illustrate this result with some
applications to various well-known classes of transcendental continued fractions including those
arising from Sturmian, morphic and linearly recurrent infinite words. In Section 3, we improve,
in the spirit of [5], the theorem of Baker previously mentioned. Transcendence measures for
continued fraction involving symmetric patterns are then discussed in Section 4. We gather
some auxiliary results in Section 5 and recall in Section 6 our main tool, the Quantitative
Subspace Theorem. The proofs of our results are postponed to Sections 7, 8, 9 and 10.

2. Transcendence measures for purely stammering continued fractions

Throughout the present text, we adopt the point of view from combinatorics on words.
Let A be a given set, not necessarily finite. The length of a word W on the alphabet A, that
is, the number of letters composing W, is denoted by |W|. For any positive integer ¢, we write
W* for the word W ... W (£ times repeated concatenation of the word W). We denote by W
the infinite word obtained by concatenation of infinitely many copies of W. For any positive
real number z, we denote by W* the word W/ W’, where W’ is the prefix of W of length
[(x — |z])|W]]. Here, and in all what follows, |y| and [y] denote, respectively, the integer part
and the upper integer part of the real number y. The study of repetitive patterns occurring in
finite or infinite words is a classical topic from combinatorics on words. Several exponents have
been introduced to measure the presence of such patterns. Among them, the initial critical
exponent of an infinite word a = (a,,)n>0, denoted by ice(a), is defined as the supremum of the
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real numbers x for which there are arbitrarily long prefixes of a of the form W?. Clearly, ice(a)
is always at least equal to 1 and is infinite if a is a purely periodic sequence. This exponent
was introduced in [15] for reasons apparently unrelated to transcendence.

As we will see in the sequel, the initial critical exponent plays an important role in our
context. It essentially allows us to distinguish among the large class of continued fractions con-
sidered in Theorem 2.1 the Us-numbers from the S- or T-numbers. In particular, we show that
to decide wether such a continued fraction £ is a Us-number reduces to a purely combinatorial
question about the infinite word formed by the partial quotients of &.

2.1. Main results

Let w > 1 be a real number. We say that a sequence a = (ay)¢>o satisfies Condition (*)~
if a is not eventually periodic and if there exists an infinite sequence of finite words (V},)n>1
such that:

(i) for every integer n > 1, the word V,* is a prefix of the word a;
(ii) the sequence (|V;,|)n>1 is (strictly) increasing;
(iii) the sequence (|Vy41|/|Va|)n>1 is bounded.
We establish the following result.

Theorem 2.1. Let a = (ag)r>0 be a sequence of positive integers satisfying Condition (x)~
for some w > 1. Let (pe/qe)e>1 be the sequence of convergents to the real number

€ :=lap,a1,...,ap,...],
and assume that the sequence (qé/e)gzl is bounded. If ice(a) is finite, then & is either an S-

number or a T-number; otherwise, { is a Us-number. Moreover, if ice(a) is finite, then there
exists a constant ¢ independent of d such that

wq(€) < exp(c(log3d)® (loglog 3d)?), (d > 1). (2.1)

In the case where w > 2 in Theorem 2.1, we are actually able to derive a better transcen-
dence measure, namely to replace (2.1) by

wq(€) < exp(c(log3d)? (loglog 3d)), (d > 1). (2.2)

The fact that the real number ¢ is transcendental when the sequence a only satifies
assumptions (i) and (ii) in the definition of Condition ()~ is the main result of [1]. In the
sequel of this section, we point out several consequences of Theorem 2.1 to various classes of
continued fractions already considered in the litterature and in particular in [1]. The interested
reader will find in that paper more explanations motivating the study of these numbers.

2.2. Applications to Sturmian, morphic, and linearly recurrent continued fractions
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Let o > 1 be an irrational real number and p be a positive real number. A sequence
(ar)e>0 on the alphabet {a,b} is a Sturmian sequence of slope o and intercept p if

ar = [((+Na+p] = [latp], (£20), (2.3)

or if
ag=[({+1a+p] —[la+t+p], €>0).

Such sequences only take two distinct values which are positive integers. For convenience,
we will only consider in the sequel Sturmian sequences defined as in (2.3), so that, o and
p determine for us a unique Sturmian sequence. The real number &, , := [ag,a1,a2,...] is
then termed a Sturmian continued fraction. The main result of [11] is the fact that Sturmian
continued fractions are all transcendental. We make here this result more precise.

Theorem 2.2.1. Let o > 1 be an irrational real number and p be a positive real number. Let
a = (a¢)¢>0 be a Sturmian sequence of slope a and intercept p. Then, the real number

€a,p = lao,a1,...,ag,...]

is a Us-number if and only if a has unbounded partial quotients. If o has bounded partial
quotients, then &, , satisfies the transcendence measure given in (2.1) and is thus either an
S-number or a T-number.

It follows from Theorem 2.2.1 that £ /5 , is either an S-number or a T-number, while {,_ 5
is a Us-number. By one of the properties of Mahler’s classification recalled in Section 1, these
two real numbers are algebraically independent. The proof of Theorem 2.2.1 is postponed to
Section 10.

We turn now to an application of Theorem 2.1 to real numbers whose continued fraction
expansion can be fixed by a morphism of a free monoid. Given a finite set A, we denote by
A* the free monoid generated by A. The empty word stands for the neutral element of A*. A
map from A into A* can be extended to an endomorphism of the free monoid A*, which itself
can be extended by continuity to a map from A* U AN (endowed with its natural topology)
into itself. We call morphism such a map, so that, a morphism is now allowed to act on infinite
words as well. An infinite word a is a non-trivial fixed point of a morphism ¢ if there exists a
letter a in A such that a = lim,,_,; - 0" (a) and if a is non-eventually periodic. Such an infinite
word is said to be recurrent if its first letter occurs at least twice.

Theorem 2.2.2. Let o be a morphism defined over a finite subset of the positive integers.
Let a = (a¢)¢>0 be an infinite word which is a non-trivial recurrent fixed point of o and set

€ :=lap,a1,...,as...).

Then, £ is a transcendental number satisfying the transcendence measure given in (2.1) and is
thus either an S-number or a T-number.

In Section 8, we explain how Theorem 2.2.2 can be deduced from Theorem 2.1. As noticed
in [1] (see the proof of Corollary 2), a non-trivial fixed point of a binary morphism is recurrent.
We thus deduce from Theorem 2.2.2 the following result.
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Corollary 2.2.3. Let a and b be two distinct positive integers. Let ¢ be a binary morphism
defined over {a,b}. Let a = (as)¢>0 be a non-trivial fixed point for o and set

€ :=lap,a1,...,ae...].

Then, ¢ is a transcendental number satisfying the transcendence measure given in (2.1) and is
thus either an S-number or a T-number.

We end this section with an application of Theorem 2.1 to linearly recurrent continued
fractions. Given a positive integer k, an infinite word a is said to be k-linearly recurrent if for
every positive integer n each word of length n occurring in a has at least one occurrence in
every factor of a whose length exceeds kn. A sequence is said to be linearly recurrent if it is k-
linearly recurrent for some positive integer k. A number of famous sequences in combinatorics
on words and symbolic dynamics turn out to share this property. The proof of Theorem 5
of [1] shows that an aperiodic linearly recurrent sequence satisfies Condition ()~ for some
real number w > 1. Furthermore, it is known that the initial critical exponent of a linearly
recurrent infinite word is finite (see for instance [18]). It is also clear from the definition that
such a word is written over a finite alphabet. We thus deduce from Theorem 2.1 the following
result.

Theorem 2.2.4. Let a = (a¢)¢>0 be an aperiodic linearly recurrent sequence of positive
integers. Then, the real number

¢ :=lag,a1,...,as...]

is a transcendental number satisfying the transcendence measure given in (2.1) and is thus
either an S-number or a T-number.

3. Transcendence measures for Maillet—Baker continued fractions

In this section, we are interested in a class of quasi-periodic continued fractions introduced
by Maillet [24] and studied by Baker [13, 14]. Baker proved in [13] the transcendence of these
continued fractions by using an approach based on Roth’s Theorem for number fields. His
results were recently improved in [5] by means of a new application of the Subspace Theorem.
Actually, the approach of [5] combined with the method initiated in [7] allows us to derive
transcendence measures for such numbers.

We consider a real number £ := [ag, a1, ..., ae,...], where a = (ag)s>0 is a non-eventually
periodic sequence of positive integers satisfying the following assumption:

There exists an increasing sequence of positive integers (nj)r>0, a sequence of positive
integers (Ax)r>0, a finite sequence of positive integers by, by ..., by, such that for every positive
integer k, the sequence a begins with

apay . ..0n,—1 BBB7 (31)

A, times



where B := b1by ...b,. It is understood here that
Ay —r O —rt1 - - - Apy—1 7 B (3.2)

We now state our main result regarding Maillet—Baker continued fractions.

Theorem 3.1. Let £ := [ag,a1,...,ae,...] be defined as above. Let (p;/qe)r>1 denote the

sequence of convergents to £ and assume that the sequence (ql}/e)ng is bounded. Assume
further that

A
liminf 2% > 0 (3.3)
k—oo My
and n
lim sup —+ < 4o0. (3.4)
k—oo ng
Then, ¢ is a transcendental number and there exists a constant ¢ independent of d such that
wq(€) < exp(c (log3d)® (loglog 3d)?), (3.5)

for every positive integer d. In particular, £ is either an S-number or a T-number.
The proof of this result also relies on the quantitative version of the Subspace Theorem
given in Section 6. As an illustration, we obtain that the real number
¢:=11,2,2,1,2,1,1,1,2,1,1,1,1,1,1,1,2,1,1,1.. ],
whose n-th partial quotient is equal to 2 if n is a power of 2 and to 1 otherwise, is either an

S-number or a T-number. Let us also remark that a Maillet—Baker continued fraction satisfying

. Ak
lim sup — = 400
k—oo Nk

corresponds to a Us-number for it is extremely well approximated by the quadratic numbers
ay = |ag,a1,a2,...,an, -1, B].
We note that such a situation cannot occur in Theorem 3.1 because of (3.2) and (3.4).

The proof of Theorem 3.1 can actually be slightly modified to obtain the following im-
provement of the Theorem of Baker mentioned in the introduction.

Theorem 3.2. Let us consider the quasi-periodic continued fraction

€: [G’Oaala ceesng—1,0ngy e oo s Angtrg—15Angy e ooy Ayt —15 - ']7
N N

' g

Ao times A\ times
where the notation implies that ng11 = ni + A7 and the \;’s indicate the number of times
a block of partial quotients is repeated. Suppose that the sequences (an)n>0 and (r,)n>0 are
bounded, that (a,)n>0 Is not ultimately periodic, and that

A
lim inf 221 > 1.
k— o0 k
If, moreover,
) A
lim sup UER P +00,
k—oo k

then the real number & is either an S-number or a T-number satisfying (3.5).



4. Transcendence measures for palindromic continued fractions

In this section, we are interested in continued fractions involving some symmetric patterns,
whose study was initiated in [6].

We denote the mirror image of a finite word W := a;...a, by W := a, ...a;. Then, a
finite word W is a palindrome if W = W. An infinite word that begins with arbitrarily large
palindromes is termed palindromic. It was remarked in [6] (Theorem 2.1) that real numbers
whose continued fraction expansion is palindromic are either quadratic or transcendental.

Given a palindromic infinite word a, we denote by (ny)r>1 the increasing sequence of all
lengths of palindromic prefixes of a. Then, the palindromic density dy,(a) of a is defined by

—1
dy(a) = (Iimsup nk“) .

k—+o0o TNk

This notion is for instance discussed in [22]. We refine Theorem 2.1 of [6] as follows.

Theorem 4.1. Let a = (a¢)¢>0 be a non-periodic sequence of positive integers with a positive
palindromic density. Let (p¢/qe)e>1 be the sequence of convergents to the real number

€ :=lap,a1,...,ap,...],

and assume that the sequence (ql}/e)ng is bounded. If ice(a) is finite, then & is either an S-
number or a T-number; otherwise, { is a Us-number. Moreover, if ice(a) is finite, then there
exists a constant ¢ independent of d such that

wq(€) < exp(c (log3d)? (loglog 3d)), (d>1). (4.1)

Actually, it is not difficult to see that a sequence with a positive palindromic density
satisfies Condition (*)~ for some real number w > 1; see for instance the proof of Theorem
4.6 of [3]. Consequently, we could deduce from Theorem 2.1 a result similar to Theorem 4.1
but with a weaker transcendence measure; namely, with (2.1) instead of (4.1). In particular,
simultaneous approximations arising from palindromic patterns seem really needed to reach
the transcendence measure given by (4.1). The proof of Theorem 4.1 is given in Section 9.

As an illustration of Theorem 4.1, we obtain that the Thue—Morse continued fraction
& mentioned in the Introduction is either an S-number or a T-number, and it satisfies the
transcendence measure given in (4.1).

5. Auxiliary results

For the reader convenience, we first recall some classical results from the theory of con-
tinued fractions, whose proofs can be found for example in the book of Perron [25].

Lemma 5.1. Let a = [ag,a1,...,0y,...] and 8 = [bg,b1,...,bn,...] be two real numbers.
Assume that there exists a positive integer ¢ such that a; = b; for any i = 0,...,{. We then
have |a — (] < q, 2 where q; denotes the denominator of the (-th convergent to .
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Lemma 5.2. Let a = [ag, a1, ...,ae,...| be a real number with convergents (p¢/qe)e>1. Then,

for any ¢ > 2, we have
Q-1

— =[0,a¢,ap—1,...,a1].
qe

For positive integers aq, ..., ag, denote by Ky(ay,...,ay) the denominator of the rational
number [0, a1, ..., a]. It is commonly called a continuant.
Lemma 5.3. For any positive integers ai,...,ay and any integer k with 1 < k < ¢ — 1, we
have

Kﬂ(ah cee 70’5) = KZ(CLe? SRR al)
and
Ki(ay,...,ax) - Ko—g(aps1,. .- a0) < Ke(ag, ..., ap)
<2Kg(a1,...,ar)  Kep(arg1,---,a0).

Lemma 5.4. Let (a¢)¢r>1 be a sequence of positive integers. For any positive integer ¢, we
have
Kf(a’la cee af) > 2(671)/2~

We will also make use of the following four auxiliary results.

Lemma 5.5. Let a = [ag,a1,...,0p,...] and B = [by,b1,...,by,,...] be two real numbers
whose convergents are respectively denoted by (pn/qn)n>1 and (7, /Sy )n>1. Assume that both
sequences (q}/n)nzl and (s,l/n)nzl are bounded by a real number M. Assume that there exists
a positive integer ¢ such that a; = b; for any i = 0,...,¢ and ag11 # byyr1. Then, there exists
a positive real number i, depending only on M, such that

1

’O‘_ﬁ‘z e
£

=)

If we assume moreover that the partial quotients of 3 are bounded by M, then there exists a

positive real number ¢, depending only on M, such that
c
=6l = .

q

Proof. We follow the proof of Lemma 5 from [2]. The constants implicit in < and > below
depend only on M. Set o = [ap+1,apy2,...] and B = [byi1,beta,...]. Since apiq # boy1, we
have

1 1
o — 3’| > min , } 5.1
o = zminf (5.1

Furthermore, our assumption on (q}z/ "Yn>1 and (s}/ ")pn>1 implies that

A
o41,0042,b041,0040 K< M,

hence
o <M <M oand | - B> M (5.2)
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The theory of continued fractions gives that

_ ped +pey e pey
o= and (= —_—,
qea’ + qe—1 @B + qu—1

since the first ¢ partial quotients of o and ( are the same. We thus obtain that

| ped” +pe—1 peB Hpe—1| o — [
la—B]=|=—, - = p , - (5.3)
Qo +qi—1 g+ qe (qe0” + qe—1)(qeB + qo—1)
Together with (5.1) and (5.2), this yields
la— B> M3 g, (5.4)

We infer from Lemma 5.4 that g, > 2(~1/2. Combined with (5.4), this gives the first assertion
of our lemma.
For the second assertion, we proceed as above, noticing that

T3 >1—-00,1.M+1] = 5.5
o' = 3| > 0,1, M + 1] T2 (5.5)
and ) ) )
O‘,_B > —. (5.6)
qeo + qr—1 A(M + 2)2qy

The latter inequality follows from (5.5) if o/ < 2, since then o/ < 2(M +1). If &/ > 2’, then
we simply observe that

o 1

> >
= 2(qea +qe—1) T 2(ge+1)

to get (5.6). Since 3" < M + 1, the second assertion of the lemma follows from (5.3) and (5.6).
O

Lemma 5.6. Let & be a real number and (p;/qe)e>1 be the sequence of convergents to &. If
the sequence (qé/é)gzl is bounded, then w1 () is finite, that is, £ is not a Liouville number.

Proof. Let A be a positive real number such that ¢, < A’ for every positive integer £. By

—1
Lemma 5.4 we have gy > V2 and thus there exists a positive real number w > 1 such that
Qo1 < q}f”, for ¢ > 1.

By the theory of continued fractions,

1 1

w41

> >
2qeqe+1 — 2q;

Pe
’5 o
de

holds for every positive integer £. Since the best rational approximations to £ are in the sequence
(pe/qe)e>1, we get wq(§) < w. Consequently, £ is not a Liouville number. D

We further state a classical Liouville inequality which can be found for instance in [16].
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Lemma 5.7. Let § be an algebraic number of degree d and P(X) a non-constant integer
polynomial of degree r. Then, if P([3) # 0, we have

1
(r+ D)+ 1) 2HPY T H(B)™

|P(B)] >

If a and 8 are two non-zero distinct algebraic numbers of degree respectively equal to n and
m, then
2max{2 " (n + 1)~ (m=1/2 2=m (1 4 1)~ (n=1)/21

(n+1)™/2(m +1)"/2 H(a)™ H(B)"

o —f] =

Our last lemma gives a bound for the height of a quotient of algebraic numbers.

Lemma 5.8. Let a be a real algebraic number of degree d > 2. Let x1, x5, x3, x4 be integers
with (x3,x4) # (0,0) and of absolute values at most A. Then, the height of the algebraic
number 3 = (x1a + x9)/(x30 + x4) is at most equal to 230D H (a)2 A%,

Proof. Using classical inequalities between the naive height H, the Mahler measure M and
the logarithmic Weyl height h, we get that

H(ﬂ) < od M(ﬂ) < 9d odh(B) < 9dpdh(ziatzs)  dh(zzatzs)
< 29M(z100 4 29) M (2300 4 224)
<2Ud + 1) H(z1a + o) H(z30 + 14)
< 93(d+D) [ ()2 A2,

by Lemma A.4 from [16]. ]

6. The Quantitative Subspace Theorem

The proofs of our result rely on the quantitative version of the Schmidt Subspace Theorem.
The following statement was proved by Evertse [19]. We refer to [19] for the definition of the
height of a linear form L, denoted by Height(L). For our purpose, it is sufficient to stress that
it can be bounded from above in terms of the heights of the coefficients of L.

Theorem E. Let m > 2, H and d be positive integers. Let L1, ..., L,, be linearly independent
(over Q) linear forms in m variables with real algebraic coefficients. Assume that Height(L;) <
H fori=1,...,m and that the number field generated by all the coefficients of these linear
forms has degree at most d. Let € be a real number with 0 < £ < 1. Then, the primitive integer
vectors X = (x1,...,&y) in Z™ with H(x) > H and such that

H |Li(x)| < |det(Lqi,La,...,Ly)| - (max{|z1],...,|zm|})"°
i=1

lie in at most
cm.e (log4d) (loglog 4d) (6.1)
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proper subspaces of Q™, where ¢y, . is a constant which only depends on m and e.

7. Proof of Theorem 2.1

This section is devoted to the proof of Theorem 2.1. We first show how the initial critical
exponent allows us to control the approximation by quadratic numbers.

Lemma 7.1. Let a = (a¢)¢>1 be a non-periodic sequence of positive integers and set
¢&:=10,a1,...,a4...]
Denote by (p¢/qe)e>1 the sequence of convergents to . Assume that the sequence (q;/e)gzl is

bounded and that ice(a) = +o00. Then & is a Us-number.

Proof. By assumption, the initial critical exponent of the sequence a is infinite. Consequently,
for every positive integer n, there exists a finite word V,, such that a begins with the word
V. Set a,, = [0,V,>°] and denote by s, the length of the word V,,. Since «,, is a root of the
polynomial

Po(X) :=qs,-1X* + (¢s,, — Ps,,—1)X — D, (7.1)

its height is at most equal to g5, . The first ns,, partial quotients of £ and «,, being the same,
we infer from Lemmas 5.1 and 5.3 that

€ = anl| < e, < 07" < How) ™" (7.2)

Since a is a non-periodic sequence, the set {a,, n > 1} is infinite, and (7.2) implies that
wo(§) = +00. By Lemma 5.6, this shows that & is a Us-number. D

Next lemma is essentially outlined at the end of [10].
Lemma 7.2. Let a = (a¢)¢>1 be a sequence of positive integers satisfying Condition (x)~ for
some w > 1. Let (p¢/qe)e>1 be the sequence of convergents to the real number
5 = [0,@1,.. .,ag,...].

Assume that the sequence (ql}/g)g21 is bounded and that ice(a) is finite. Then, ws (&) is finite.

Proof. Assume that the sequence of finite words (V},),>1 and the real number w arising from

Condition ()~ are fixed. We also assume that V1| > 2. Let M > 3 be a positive integer such

that ice(a) < M and ¢, < MY for ¢ > 1. Denote by 1,, the length of the word V;, for n > 1.
As in the proof of Lemma 7.1, we set v, = [0, V,>°] and note that «,, is a quadratic number

whose height is at most ¢;,, . Since the sequence (qé/ Z) ¢>1 is bounded and the first |wl, | partial
quotients of £ and «, are the same, we infer from Lemmas 5.1 and 5.3 that

|€ - an| < QL_u?an < QZ_nQ_av (73)
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for some positive real number 9.

On the other hand, since ice(a) < M, the numbers «,, and & cannot have the same first
MI,, partial quotients. The same observation applies for «, and «,1. Since the sequence
(ql}/ g) ¢>1 is bounded by M, we infer from Lemmas 5.3 and 5.5 that there exists a positive real
number A, depending only on M, such that

€ — | > ¢, (7.4)

and
|1 — Q| > ql_nA. (7.5)

Let N be a positive integer. Extracting if needed a subsequence of the sequence (V},),>1, we
can assume without any loss of generality that there exists a positive integer C, depending
only on N and on the maximum of the sequence (|Vy,+1|/|Vin|)m>1, such that

NV, | < |Vot1] < COn|Vy|,  forn > 1. (7.6)
Then, Lemma 5.4 implies that
Qs > 2N/2)Val
while, by assumption,

Thus, if N has been chosen large enough, we can guarantee that

Qlpiq > max{ (Zqﬁb)l/(ﬂé), qfn} (7.7)

for every positive integer n. A simple computation shows that it is sufficient to select

N>max{

4log M  2Alog M . 2
log2 "(2+44d)log2 2446/

On the other hand, we infer from (7.6) that

CnN|Vn
Qo <M B

while Lemma 5.4 implies that
q. > 2UV=I=1D/2,

This ensures the existence of a positive integer C', depending only on C'y and M, such that

Qs < qlc,:a (78)

for every positive integer n. A simple computation shows that we can take C = 6Cy log M.
By (7.7) and (7.8), we will thus assume in the sequel that

)1/(2+5

max{ (2¢;), LY <, <df, (7.9)

for every positive integer n.

13



Combining (7.3) for a;,+1 with (7.5) and (7.9), we get that 2| —a,41] is at most |a, —ay, 41|
and the triangle inequality then yields

1
€~ an| 2 Slants — anl. (7.10)

Furthermore, setting ¢ = 1/(4 - 3%/2), Lemma 5.7 and (7.10) give
€ — an| > cH(a) ™ H(any1) ™2 > eq; 2H(an 1) 72
We then infer from (7.3) and (7.9) that
H(ans1) > c/2q)/? > 207
For n large enough, say n > ng, we thus obtain
qff’c < H(an) < q,- (7.11)
Set j := [log(3C/d)/log2]. Using Inequality (7.9), this leads to

5/3C

6/3C
ql/ < H(an) S QZn < qln+j < H(an+]) S q

n

cI 3Citl/s
v <4t < H(ay) /9,

We also deduce from (7.4) and (7.11) that

1
1§ —an| > W:

for every integer n > ng.
Set o = 3XC/4, 0 = 3C7T /§ and &), = apo4(n—1); for n > 1. We have shown the existence
of a sequence of quadratic irrational numbers (a,),>1 satisfying

(1) H(ap)™7 <€ = ap| < H(ey,) 7%
(i) H(ap) < H(op,yy) < H(ay,)”.

At this point, we are ready to prove that wq(€) is finite. Let us consider a quadratic
irrational number o whose height satisfies

H(a) > (cH(a’l)‘s)lm.

!/
n?

If « belongs to the set {a/,, n > 1}, we simply use (i) to get that

|€ —a| > H(a)™°. (7.12)

!/

!, n > 1}. Then, there exists a unique

Let us now assume that o does not belong to the set {«
integer n > 1 such that
H(a),_y) < M H(e)??° < H(d,). (7.13)

In particular, Inequality (ii) shows that
H(c) < & H(a)%/°. (7.14)

14



Since by assumption « and «/, denote two distinct quadratic numbers, Lemma 5.7 implies

lo — o,| > 2cH () ?H(cal,) 2. (7.15)
We thus infer from (7.13) and (i) that

o — 0| > 2[6 — afy
hence,
£~ al > ||e—al ~la—all | > 3 la—al].

We now infer from (7.14) and (7.15) that

1€ — o > c1m20/8 f (o) 2-10/5,

Together with (7.12), the latter inequality shows that wy (&) is finite, concluding the proof. O

We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. We keep the notation of Theorem 2.1. Let a = (as)¢>1 be a sequence
of positive integers satisfying Condition (*)~ for some w > 1. Let (p¢/q¢)e>1 denote the
sequence of convergents to the real number

£:=10,a1,...,a4...].

Assume that the sequence (ql} / Z) ¢>1 is bounded by some constant A. By Lemma 5.6, w; (&) is
finite. Thus, if ice(a) is infinite, then Lemma 7.1 implies that £ is a Us-number, concluding the
proof in that case.

From now on, we assume that ice(a) is finite. We first observe that ws () is finite, in virtue
of Lemma 7.2. Consequently, we thus only have to study the approximations to £ by algebraic
numbers of degree at least three. Let d > 3 be an integer. Let o be an algebraic number of
degree d. At several places in the proof below, it is convenient to assume that the height of «
is sufficiently large. Let x be a positive real number such that

€ —a| < H(a)™X.
Our aim is to find an upper bound for x in terms of d. More precisely, we have to prove that
x < exp(c (log 3d)* (log log 3d)?) (7.16)

for some constant ¢ which does not depend on d.

Extracting if necessary a subsequence of (V},),>1, we can assume that there exists a
constant C' such that

(iii")  2|Vh| < |Vas1| < C|V,|, for every positive integer n.

Set s, = |V,,| for every positive integer n. Let x be the unique positive integer such that
qs, < H(a) < gs, - (7.17)
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Denote by M; the largest integer such that ¢X > qfws s | and observe that
K K 1

€ —al <app.,.,| (7.18)
for every 1 < h < M;. By definition of M7, we have
2
qx < Dwse s aty 41, (7.19)

Given a positive integer ¢, our assumption implies that ¢, < A¢, while Lemma 5.4 ensures that
qe > (v/2)*71. We thus get from (7.19) that

(ﬁ)x(sm—l) S A2wsK+M1+1

and, using (iii’), we obtain
(Vaen ) < s

Consequently, Inequality (7.16) holds if we have
M < co(log 3d)3(log log 3d)?

for some constant ¢y which does not depend on d.
We will argue by contradiction. From now on, we assume that

M > ¢1(log 3d)?(log log 3d)?, (7.20)

for some constant c¢;, and we will derive a contradiction if ¢; is sufficiently large.

For every integer n > 1, set
Op = [07 Vnoo]

and observe as previously that a,, is a root of the quadratic polynomial P, (X) given by (7.1).
Rolle’s Theorem and Lemma 5.1 give that

Pa(©)] = |Pa(©) — Palea)| < 3as, 1€ — anl < 3q5, a72 |, (n>1),  (721)

since the condition (i) implies that the first |ws,, | partial quotients of £ and «, are the same.
Furthermore, we infer from the theory of continued fractions that

05, = ps, | <a; and |qs,—1& — ps,—1] < q; (7.22)
Using again Rolle’s Theorem, Inequalities (7.18) and (7.21) imply that
Pen(@)] < Pernl€)] + 30, [€ — al <6,y a2, (LSh<M).  (723)
Inequalities (7.18) and (7.22) ensure that, for h =1,..., My,
(sn0 = P <2057, and go 10— ps 1] <2057, (7.24)
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We are now going to apply Theorem E to the following system of linear forms:

Ly (X4, X0, X35, X4) =« 2X, + a(X; — Xy) — X,
Ly( X1, Xo, X3, Xy) =aX; — X3,

L3(X1, X3, X3, Xy) =X1,

Ly(X1, X2, X3, Xy) =Xo.

Observe first that these linear forms are independent and with algebraic coefficients. Set N7 =
{Sn—i—ha LMI/QJ S h S Ml} and Pl = {pn = (qna%’b—laprmpn—l)a ne Nl} Let n be in Nl-
Evaluating these linear forms at the integer point p,, we infer from Inequalities (7.23) and
(7.24) that

[T 1Ziea)l < 1247 9]0,

1<i<4
-1
Using again that 2 < ¢y < A® holds for every non-negative integer ¢, we get that

q|wn| > q1+277
for some positive real number 7, depending only on w and on A. Thus, if the height of « is
large enough, then s, is itself sufficiently large to guarantee that

H ’Lz(pn)‘ < |det(LlaL27L37L4)|q;n'
1<i<4

Furthermore, all elements of the set P; are primitive (since p, and g, are always relatively
prime) and we have p,, > Height(L;) for i = 1,...,4 and n € Nj. Moreover, the coefficients of
the linear forms L4, ..., Ly generate a number field of degree d. We can thus apply Theorem E
with m = 4 and € = 7. Let T} be the upper bound given by (6.1) for the number of exceptional
subspaces. Set

M2 = LMI/TIJ .

Since 1 does not depend on the constant c¢;, Inequality (7.20) ensures the existence of a constant
co such that
My > c5(log 3d)? (log log 3d). (7.25)

By the pigeonhole principle, there exists a proper subspace of Q* containing at least M>
points of P;. Thus, there exist a non-zero integer vector x = (x1,z2,r3,x4) and a set of
integers Ny C N7 with cardinality » > My such that

L1Gn + T2Gn-1 + L3P + T4Ppn_1 = 0, (7.26)
for every n € Ns. Let I; < Iy < ... < I, denote the elements of N3 once ordered.

We are now going to make the following assumption that will be justified thereafter.

Assumption A: There exist three integers 1 < a < b < ¢ < [r/4] such that the vectors
pi,, Py, and p;, are linearly independent.
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This makes possible the choice of x = p;, A p;, A pi, in Equality (7.26). Here, A denotes
the vector product in R*. An easy computation shows that with this choice of x we have

hi i= max{|z1], 22|, [xa], [za]} <12 (7.27)

Let us remark now that (x9,24) # (0,0) since the vectors (¢n,, Pn,) and (gn,, Pn,) are not
collinear. Furthermore, o being irrational, the real number

1+ T3
To + xa0x

is well-defined. It then follows from Lemma 5.8 and Inequality (7.27) that
H(B) < ¢t H()?, (7.28)

where, as below, the constant implied by < depends only on d. Since . > s,41, we infer from
(7.17) that
H(a) < . (7.29)

and from (7.17) and (7.28) that
H(B) < g, (7.30)

if the height of o has been chosen large enough. Following (7.26), we have

x1 w3 21+ X3P/ gn
To+ T4 To+ TaPn—1/qn-1]|

’ﬁ _ dn—-1
dn

for every n € Ns. Using (7.22), we thus obtain

hi

%21 |xo + z40|? .

dn

Then, Inequality (7.27) and Liouville’s inequality given in Lemma 5.7 yield that

n

‘ﬁ_ dn—1

. < h%d+2 H(a)Q qu < qfc(dH) H(a)2 2.
n

Since d > 3, the height of o can be chosen large enough so that (7.29) implies

7(d+1) —2

dn—1
’ﬁ—n— <q. "7,

n

for every n € Nj. Since by assumption ¢ < |r/4], l;11 > 2l; and r > M, we deduce from
(7.25) that

lq, 8 —qi;—1] < q;1/27 (7.31)

for every j with [r/2] <j <. Set Nj = {n € Na, n>1,/2)}. Denote by M the cardinality
of this set and observe that Mj > M /2.
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We are now going to apply again Theorem E. Let us consider the following new system
of linear forms:

Lll(Y17Y23}/3) - BYI - Y27 LIQ(Y17Y27Y3) — OéYl - Y3a Li",(Ylai/'QaY3> - YI-

Observe that these linear forms have algebraic coefficients and are linearly independent. Fur-
thermore, det(L}, L5, L) = 1 and the coefficients of these linear forms generate a field of
degree d. Let us also remark that, by Inequality (7.30), we have Height(L}) < ¢y, for i = 1,2,3
and every n € N3.

Let n be in V. Evaluating these linear forms at the primitive integer point (¢, ¢n_1,Pn),
we infer from Inequalities (7.22) and (7.31) that

I 1Zi(an gn-r.pn)l < an /2.
1<i<3

We can thus apply Theorem E with e = 1/2 and m = 3. Let us denote by T the upper bound
given in (6.1) for the number of exceptional subspaces. Set M3 := |To/M}]. Then, Inequality
(7.25) implies the existence of a constant c3 such that

M3 > c3logd. (7.32)

By the pigeonhole principle, there exists a proper subspace of Q? which contains at least
M3 points lying in the set Py := {p,, n € N3}. Thus, there exist a non-zero integer vector
y = (Y1, 92, y3) and a set of integers N3 C N with cardinality s > Mj, and such that

Y14n + Y2qn—1 + Yspn = 0, (7.33)

for every n € N3. Let m; < ... < m, denote the elements of N3 once ordered.

Observe that pi = (¢my s @m,—1,Pm,) and Py = (Gmy, Gma—1,Pm,) are not collinear since
mo > my > 1. This make possible the choice of y = p} A p, in Equality (7.33). Here and in
the rest of the proof, A denote the vector product in R3. Then, an easy computation shows
that

ha = max{|y, |y2l, lysl} < a7, (7.34)

For every n € N3, we can rewrite Equality (7.33) as

qn— b
y1+y26+y3a+yz( nol —5)+y3 (—n—a> = 0.

n n

In particular, for n = m, Inequalities (7.22), (7.31) and (7.34) give
1+ y28 + ysal < 247,45, (7.35)
On the other hand, we have

|\ysz40® + (T2ys + T3y + Tay1 ) + (T1y2 + Y122)| ‘
|xe + x40

ly1 + y28 + ysa| =
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Thus, if y1 + y28 + ysa # 0, we infer from Liouville’s inequality given in Lemma 5.7 that
[v1+ 128 + ysal > by hy T H(a) 2.
Using (7.17), (7.27), (7.34) and the fact that ms > [, > s,41, the previous inequality gives
ly1 + y28 + yza| > g, (7.36)

By (7.32), we have s > M3 > c3logd and since by assumption m; > 2m;_;, we can secure
that g,,, > qzrflz and

ly1 + y28 + ysa| > @2, am)
if c3 is chosen large enough. Then, (7.35) contradicts (7.36). Thereby, we get

Y1 +y28 + ysa = 0. (7.37)

In order to reach the desired contradiction, we need another equation linking o and (.
Actually, it is sufficient to slightly modify the previous system of linear forms and to consider
the system:

LY(Zy,Z4,Z5) = BZ1 — Zay,  LY(Z1,Z2,23) = aZy — Zs, L5(Z1,Z,Z5) = Z;.

Again, det(LY, LY, LY) = 1 and the coefficients of LY, LY, L% generate a number field of degree
d. Furthermore, we have Height(L!) < ¢, for i = 1,2,3 and every n € NJ. Given an integer

n € N and evaluating these linear forms at the integer point (¢, ¢n—1,Pn—1), we infer from
(7.22) and (7.31) that

IT 12/ (an gn1.pn-1)| < a2
1<4<3

We can apply Theorem E exactly as before and we will thus omit some details in what follows.
The pigeonhole principle ensures the existence of a proper subspace of Q3 containing at least
M, points of Pj. Consequently, there exist a non-zero integer vector z = (z1, 22, 23) and a set
Ny C N with cardinality ¢ > My, such that

Z1Gqn + 22Qn—1 + 23Pn—1 = 07

for every n € Ny. Let n; < ... < n; denote the elements of N once ordered.
Then, Inequality (7.34) can be replaced by

max{|z1|, ’Z2‘7 |Z3|} ngw

while (7.35) becomes

<1 —
3 + 2 + 230| < 2¢7,4,%°
Using Lemma 5.7, we argue as above to show that
ot za=0 (7.38)

B
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if c3 is sufficiently large.

Our last step is to show that Equalities (7.37) and (7.38) provide a contradiction. Indeed,
since « is irrational, 5 is not zero and these equalities imply

(z3a + 22) (Y3 + y1) = y221. (7.39)

Now, if y32z3 = 0, then (7.37) and (7.38) imply that [ is rational. This gives a contradiction in
virtue of (7.30) and (7.31). Consequently, we can assume that y3z3 # 0. Then, we obtain from
(7.39) that « is a quadratic irrational. This contradicts the fact that « is an algebraic number
of degree at least three. We have proved that the constant cs cannot be taken arbitrarily large.
Thus, the constant ¢; in (7.20) is bounded, as well. This ends the proof in the case where
Assumption A is satisfied.

We turn now to the case where Assumption A is not satisfied. Since some steps are very
close from the previous exposition, we just outline the proof.

We come back to the place where Assumption A has been introduced. Set NQH ={n €
Na, Upys) <n < ljpjay} and Py = {pp, n € Ny }. Since Assumption A is not satisfied, all

points lying in 77; belong to the subspace generated by p;, and p;,. Indeed, these vectors are
clearly not collinear. In particular, if we set

Y1 a, Qs
vo l =1 a1 | A Q-1 |,
Y3 28 Dl

we obtain that (yi,v5,y4) is a non-zero integer vector such that

YiGn + Yodn-1 + Y5pn =0

for every integer n € /\/2”. Moreover, an easy computation shows that

1 =max{|yj|, 1 <j <3} <qj. (7.40)
Then, we set
g .= Yityse
Ya

Note that 3 is well-defined since it is easily checked that v} is not zero. Using now (7.40) and
Lemma 5.8, we obtain
H(B') < gjy. (7.41)

On the other hand, we can chose the height of « large enough to ensure that

03 — qn_1| < q; %,

for every n € ./\/'2”. Since ./\/2“ is a set with cardinality M; > M5 /8, we infer from Lemma 5.7
and (7.41) that
2 + 250 + 2500 = 0. (7.42)
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Setting

/

21 a1, qdi,
/ R

Z2 T ql]_*l A Qngl 9
/

Z3 Pl —1 Diy—1

the non-zero integer vector (21, 24, 24) is such that
21qn + 23qn—1 + 23Pn—1 = 0,
for every n € NQH. As previously, this leads to
Gl
/8/
We then obtain a contradiction using (7.42) and (7.43), exactly as in the case where Assumption
A is satisfied. This concludes the proof of the main part of the theorem.

+ 25 + 250 = 0. (7.43)

We now briefly explain why the transcendence measure given by (2.1) can be improved to
(2.2) when the sequence a satisfies Condition (x)~ for some w > 2. In that case the quadratic
numbers «,, introduced at the beginning of the present proof are very good approximations of
€. More precisely, following the proof of Theorem 1 of [1], we obtain that

€ — | < H(an)™

On the other hand, we can assume without loss of generality that the «,’s are all distinct and
that low I
0
lim sup g Hlan 1)

——= < 400.
n—+oo logH(an+1)

The desired transcendence measure then follows from Corollaire 5.3 of [7]. ]

8. Proofs of Theorems 3.1 and 3.2

Proof of Theorem 3.1. We keep the notation of Theorem 3.1 and denote by A > 3 a strict

upper bound for the sequence (q; / e> ¢>1. Without any loss of generality, we assume that ag = 0.
Let us consider the quadratic real number 8 whose continued fraction expansion is purely
periodic with period B = b,,b,_1, ..., b1, that is,

ﬁ = [br,brfl, .. .,bl,br,bqafl,. .. ,bl,. . ] = [E,E, . ,E,. . ]
Let (7¢/s¢)e>1 denote the sequence of convergents to (3. For every positive integer k, set

’ /
Py = Prg+riis Qr == Any+rip > Pk ‘= Png+rig—1, Qk = Qnp+rig—1 and Sy 1= Srxg-

As observed in Section 3, the assumptions (3.2) and (3.4) imply that

. Ak
limsup — < 4o00.
k—+oo Mk
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Consequently, extracting a subsequence of the sequence (ny)r>1 if necessary, our assumption

(3.4) ensures the existence of a constant Cy such that

ng + 1\ < ngg1 < Ngg1 + rx\pr1 < Ch (nk + T)\k)

for every positive integer k. Let N be a positive integer. Taking if necessary a subsequence of
the sequence (ng)r>1, we can assume without loss of generality that there exists a constant

Cyn depending on N and C such that
N(nk + T)\k) < Ngy1 + r)\;H_l < C’N(nk + T)\k)

for every positive integer k. Then, Lemma 5.4 implies that

Qpi1 > Q(N(”k-JrT)\k)*l)/?7

while by assumption
Qk < Ank—H/\k.

Thus, if N has been chosen large enough, we obtain that
Qi1 > Qf
for every positive integer k. A simple computation shows that it is sufficient to choose

2log A

1.
log 2 +

On the other hand, we infer from (8.1) that

Qus1 < ACHOHHTN),

while Lemma 5.4 implies that
Qk > 2(nk+r)\k—1)/2'

(8.1)

(8.2)

This ensures the existence of a positive integer C', depending only on C'y and A, such that

C
Qk+1 < Qk )

(8.3)

for every positive integer k. A simple computation shows that we can take C' = 6Cy log A.

By (8.2) and (8.3), we will thus assume in the sequel that

Qi < Qk-l—l < cha

for every positive integer k.

We also infer from (i) and (ii) that there exists a positive real number v such that
v<Ag/ni <1/v,
for every positive integer k.
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On the one hand, the theory of continued fractions gives

1
|Qré — Pyl < — and QL€ — Pl| < =

, 8.6
On Q, (8.6)
while, on the other hand, the assumption made on the sequence a implies that

P

Q—’; =[0,a1, -+ an,—1,B,B,...,B).

Ak
By Lemma 5.2, we obtain
/ — — —
QZ [O B B B,ank_l,---,al
Ak
and, following Lemma 5.1, we get that
Q]
Q4B — Qnl < 25 (8.7)

Furthermore, we infer from (3.2) that a,,—1...an,—r # B. Thus, Lemmas 5.3 and 5.5 imply
that

> L (8.8)

‘B_ 527

where cg is a positive constant depending only on S.

Since the sequence (ql}/ Y ¢>1 is bounded, we infer from Lemma 5.6 that w; (&) is finite. In
the sequel, we thus only have to deal with the approximations of £ by algebraic numbers of
degree at least equal to two. Let d > 2 be an integer. Let o be an algebraic number of degree d,
the height of which will be chosen large enough in the sequel. Let x be a positive real number
such that

§ —al < H(a)™X

Our aim is to find an upper bound for x as a function of d. More precisely, we have to prove
that

x < exp(c (log 3d)? (loglog 3d)?) (8.9)
for some constant ¢ which does not depend on d.

Let us denote by k¢ the unique positive integer such that

Qro < H() < Qiot1, (8.10)

and by M; the largest integer such that Qﬁo > Qio 11, - Consequently,

€ —al < Q2 (8.11)
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holds for every integer h =1,..., M;. If
M < co(log 3d)?(log log 3d)*

holds for some constant ¢y which does not depend on d, then Inequality (8.9) also holds, as
shown by an easy computation using (8.4), (8.10) and (8.11).
We will argue by contradiction. From now on, we assume that

M > ¢1(log 3d)3(log log 3d)?, (8.12)
for some constant c;, and we will derive a contradiction if ¢; is sufficiently large.
It follows from Inequalities (8.6) and (8.11) that, for every integer h = 1,..., M,

2
and |Q;€O+hoz — P,ém_h] < = (8.13)
ko+h ko+h

‘Qko-l-ha - Pko+h| <

We are now going to apply Theorem E to the following system of linear forms:

Ly(X1, X2, X3, Xy) =aX; — X3,
L2(X1,X2,X3,X4) =aXy — Xy,
L3(X1, X2, X3, Xy) =X, — Xo,
Ly(X1, Xo, X35, X4) =X

Observe that these linear forms are linearly independent over Q and all have real algebraic co-

efficients. Set N1 = {ko+h, [M1/2] <h < M;} and Py = {pr = (Qk, Q}, Px, P}), k € N1}

Let k € N7. Evaluating these linear forms at the integer point pg, Inequalities (8.7) and (8.13)

give

IT 1zl < %- (8.14)
k

1<i<4

By assumption, Qr < A"+ while Lemma 5.4 implies that S; > (v/2)"**~1. We then infer
from Inequality (8.5) that
Sk > Qy, (8.15)

for some positive real number 7, depending only on 7, v and A. If the height of « is large
enough, we get from (8.14) and (8.15) that

H |Li(pw)| < |det(L1, Lo, L3, L)| Q)"
1<i<4

Since P, and )y are relatively prime, every element in P; is a primitive vector. Furthermore,
the degree of the number field generated by the coefficients of our four linear forms is at most
2d and Qj > Height(L;) for ¢ = 1,...,4 and k € N;. We can thus apply Theorem E with
m = 4 and € = 7. Let T} be the upper bound given in (6.1) for the number of exceptional
subspaces. Set

M2 = LMI/TIJ
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Since 1 does not depend on the choice of the constant ¢;, Inequality (8.12) ensures the existence
of a constant ¢y which does not depend on d and such that

My > c3(log 3d)?(log log 3d). (8.16)

arbitrarily large in the sequel. By the pigeonhole principle, there exists a proper subspace
of Q* containing at least My points of P;. That is, there exist a non-zero integer vector
x = (1, %2, 73, 74) and a set of integers No C N with cardinality s > My such that

1Qk + 22Q), + 3Py + 24P, = 0, (8.17)
for every k € Ns. Let [y < ... <[, denote the elements of N5 once ordered.

We are now going to make the following assumption that will be justified thereafter.
Assumption A: we assume that there exist three integers 1 < a < b < ¢ < |s/4] such that
the vectors p;,, pi, and p;, are linearly independent.

This makes possible the choice of x = p;, A p;, A pi, in Equality (8.17). Here, A denotes
the vector product in R*. As shown by an easy computation, this choice of x guarantee that

hy = max{|z1], |a|, [3], |za]} <12Q7. (8.18)
It thus follows from Inequality (8.17) that

eyl 1203
|z40Q), + 11Qk + 22Q) + 3 Px| = |24(Qra — P)| < ] < e

Or Or (8.19)

for every k € N5.

Our next step consists in applying again Theorem E to the following new system of linear
forms:
L(X1, Xo, X3) =aX; — X3,
le(Xl, X2, Xg) :LL’1X1 —|— (I40¢ + .TQ)XQ —|— .'L’3X3,
ng(X17X27X3) :Xl-

We first observe that these linear forms have algebraic coefficients. We also deduce from Equal-
ity (8.17) that (x9,x4) # (0,0). Consequently, x4 + x2 # 0, since « is irrational. We then
deduce that our linear forms are linearly independent. Furthermore, the number field gener-
ated by all the coefficients of these linear forms has degree d, and we infer from Lemma 5.7,
(8.18) and (8.19) that

|det(L}, Lh, Ly)| = |zao+ 2| > Q%7 (8.20)

provided that H(«) is large enough.

Since by assumption ¢ < [s/4| and s > My, we infer from (8.4) and (8.16) that the
constant co can be chosen large enough so that

V> 120008, (8.21)
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for every |s/2| < k < s. For the same reason, we can assume that H(L,) < Qy, for i =1,2,3
and every [s/2] <k <s. Set Ny = {n € Na, n >15/5/}. Let us denote by M; the cardinality
of this set and observe that

M}, > My)2. (8.22)

Given an integer k € NJ and evaluating these linear forms at the primitive integer point
P, = (Qk, Q. Px), we infer from Inequalities (8.19), (8.20) and (8.21) that

IT 1Z4@k. Qi Pl < | det(L}, Ly, L5)| Q).
1<4i<3

Furthermore, it follows from Lemma 5.7 that Py is larger than Height(L}) for ¢ = 1,2,3. We
can thus apply Theorem E with ¢ = 1/2 and m = 3. Let us denote by T3 the upper bound
given in (6.1) for the number of exceptional subspaces. Set M3 := |T5/M}|. Then, Inequalities
(8.16) and (8.22) imply the existence of a constant cs such that

Mj3 > c3logd. (823)

By the pigeonhole principle, there exists a proper subspace of Q3 which contains at least M3
points lying in the set Py := {p}, = (Qk, Q}, Pr), k € Nj}. There thus exist a non-zero integer
vector y = (y1, 92, y3) and a set of integers N3 C N3 of cardinality ¢ > M3, and such that

Y1Qk + 12Q) + y3 P = 0, (8.24)

for every k € N3. Let 1 < my < ... < my denote the elements of N3 once ordered.

Observe that p} and p4 are not collinear. This make possible the choice of y = p} A pj in
Equality (8.24). Here and in the rest of the proof, A denote the vector product in R3. Then,
an easy computation shows that

ho := max{|y1], |yal, |ys|} < Q% (8.25)

For every k € N3, we can rewrite Equality (8.24) as

Y1 +y28 +ysa+y2 (Q—Z: - ﬂ) + Y3 (& - a) =0. (8.26)
Qu Qu

Choosing k = my, we can argue as in the proof of Theorem 2.1 and use (8.23) to deduce from
the Liouville inequality given in Lemma 5.7 that

Y1+ Y28 +ysa = 0. (8.27)

As a particular instance of Equality (8.26), we thus obtain

w (g =8) = (G -o)

It follows from Lemma 5.3 and (8.5) that there exists a real number C; > 1, depending only
on v, such that

Q'H’Lt > C{nt STTLt'
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Consequently, on the one hand, we have

P, |y3| |y3| 1 1
t— < < < . , 8.28
Ys (th CY) ‘ QWLt Clzmt Sant C’{nt S%% ( )

by (8.25), if ¢3 is sufficiently large. On the other hand, we infer from (8.27) that y, # 0 (since
« is irrational), and Inequality (8.8) shows that

Yo (Q—: — [3)‘ > SCTB- (8.29)

Inequalities (8.28) and (8.29) provide us with a contradiction as soon as c3 is chosen large
enough. This ends the proof in the case where Assumption A is satisfied.

We turn now to outline the case where this assumption is not satisfied. We come back to
the place where Assumption A has been introduced. Set ./\/'2// = {n € Na, lrss) <no<ly/a)}
and P, = {pn, n € N, }. Since Assumption A is not satisfied, all points lying in P, belong
to the vectorial plan generated by p;, and p;,. Indeed, these vectors are clearly not collinear.
In particular, if we set

Y1 @, Qs
y/2 = qllfl /\ qlzfl b
Y3 DIy Dl

we obtain that (y],v5,y4) is a non-zero integer vector such that
1@k + y5Q) + Y3 Pe =0
for every integer k € ./\/'2”. Moreover, an easy computation shows that
1=max{lyj], 1 <j <3} <Qj,.
We are now in the same situation as in (8.25). We can thus argue exactely as previously to

conclude the proof of the theorem. O

Proof of Theorem 3.2. The proof of Theorem 3.2 follows essentially the same lines as that
of Theorem 3.1, with, however, some modification that we point out below.

Since the sequences (ay)n>0 and (7,),>0 are bounded, there exists a finite set B =
{Bi,...,By} of finite words such that all the finite words an, @n;+1 - .. an,+r,—1 belong to
the set B.

For j=1,...,m, set o o

ﬁj = [Bj,Bj, PN ,Bj,. . ]
Let (réj ) / ng )) ¢>1 denote the sequence of convergents to 3;. For every positive integer k, set
Pk = Pngri g Qk‘ = Ang+r Ao Pl; = Pngtridg—1, Q?c = lnptrghp—1 and Sk: = ani)Aka

where the index j is such that a,, an,+1 ... an,+r,—1 = Bj.
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Then, we follow the proof of Theorem 3.1 and we consider, for j = 1,...,m, the following
system of linear forms: '
L:([j X17X27X37X4 :OéXl _X37

( )
LY (X1, Xa, X3, X4) =aXs — Xy,
ng)(X17X27X37X4) =5;X1 — Xa,
LY (X1, X2, X3, X4) =X1.

Similar arguments as above show that, for k£ in N7, there exist an absolute positive number n
and an index j in {1,...,m} such that

[T 127 ®0l < ldes(zy”, L5, L L7 Q;".
1<i<4
By the pigeonhole principle, there exist a non-zero integer vector z = (21, 22, 23, 24), an index
jin{l,...,m}, and a set of integers N5 C N7 whose cardinality is at least | My/m| (with My
defined in (8.16)) and such that

21Qk + 22Q), + 23P, + 24P, = 0
and Gpn, Qny 41 - - - Apytr—1 = Bj for every k € N.
From now on, we simply follow the proof of Theorem 3.1, with (3 replaced by 3; in (8.26)
and below. This proves Theorem 3.2. |

9. Proof of Theorem 4.1

In this section, we explain how Theorem 4.1 can be deduced from Theorem 2.1 and
Théoréeme 4.1 from [7].

Proof of Theorem 4.1. Let a = (a¢);>1 be a sequence of positive integers satisfying the
assumptions of Theorem 4.1. In particular, a has a positive palindromic density and we
denote by (ng)r>1 the increasing sequence of all lengths of palindromic prefixes of a. Set
¢=10,a1,...,as,...] and let us denote as usual by p;/qs the ¢-th convergent to &.

As already mentioned in Section 4, the fact that a satisfies Condition (*)~ for some w > 1
can be established following the proof of Theorem 4.6 of [3]. It thus follows from Theorem
2.1 that ¢ is a Us-number if ice(a) is infinite, while it is either an S-number or a T-number
otherwise.

From now on, we assume that ice(a) is finite. Since the word a; ... a,, is a palindrome,
Lemma 5.2 implies that p,, = gy, —1. Recalling that

1 _ 1
'f—]ﬂ<7 and 'f—pnkl < 2 s
dn, nk dni—1 an—l
we infer from p,, = @n,—1, 0 < & < 1, a1 = an,, |PnpGni—1 — Pnp—1qn,| = 1 and from
Iny, < (@n,, + 1)@n, —1 that
52_pnk—l _52_p”’€_1.2ﬂ S‘f‘i‘pnk_l“‘f—lﬂ—l— 1
qny, qny—1 4ny dn;—1 Adn,y, Ani9n;—1
1 3
< 2'5 — Py cBLrs
an anan—l an
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Consequently, there exists an increasing sequence of positive integers (¢, )r>1 such that

1
2
@i &l Nlan €71 < -,
A,
where || - || denotes the distance to the nearest integer. Furthermore, since a has a positive
palindromic density and the sequence (q;/ E) ¢>1 is bounded, Lemma 5.4 ensures that

lo
lim sup 08 sy

< +00.
k—-+o00 IOg dny,

The transcendence measure given in (4.1) is then obtained as a consequence of Théoréme 4.1
from [7]. This concludes the proof. D

10. Proofs of Theorems 2.2.1 and 2.2.2

In this section, we explain how Theorems 2.2.1 and 2.2.2 can be deduced from Theorem
2.1.

Proof of Theorem 2.2.1. Let a = (a¢)¢>0 be a Sturmian sequence of slope o and let a and
b be the two integer values taken by a.

If a has bounded partial quotients, it is proved in [18] that a is linearly recurrent. We
thus can apply Theorem 2.2.4 to conclude the proof in that case.

If o has unbounded partial quotients, the key auxiliary ingredient is Proposition 12.1
from [7]. It asserts that, for every integer m, there exist finite words U,,, V,, and a positive
real number s, such that U,, V> is a prefix of a and

Un Vi | /| Um Vin| > m. (10.1)

In this case, the quadratic real number &,, whose continued fraction expansion is given by the
ultimately periodic infinite word U,,V,>° is a very good approximation to £. More precisely,
since the height of &,, is at most (a 4 b)/Y»"V»| and, by Lemmas 5.1 and 5.4,

€ = & < 27T et

we deduce from (10.1) that there exists a positive real number C' independent of m and such
that

|£ - §m| S H(gm)icm'

Consequently, if o has unbounded partial quotients, then £ is a Us-number. O

Proof of Theorem 2.2.2. Let a be a non-trivial recurrent fixed point of a morphism ¢ defined
over a finite set A. In view of Theorem 2.1, it is sufficient to prove that

e the sequence a satisfies Condition (x)~ for some real number w > 1;

e ice(a) is finite.
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For the first point, we refer the reader to the proof of Theorem 3 of [1]. It thus remains to
prove that ice(a) is finite. Let us denote by |o| the length of the morphism o defined by

lo| ;== max{|o(a)|, a € A}.

We will actually prove that ice(a) < 2|o]|.
We assume that this inequality does not hold and aim at deriving a contradiction. Setting
N = 2|0, there exists a non-empty word U such that UY is a prefix of a. Without loss of
generality we can assume that U has been chosen with minimal length. Since a is fixed by o,
the word o(U) is a prefix of a. We observe that N is large enough to ensure that o(U) is also a
prefix of the word U". There thus exist a non-negative integer  and a (possibly empty) prefix
Uy of U such that |U;| < |U| and
o(U)=U"U. (10.2)

If Uy is the empty word, then we deduce that a = U, providing a contradiction with the fact
that a is a non-eventually periodic sequence.

From now on, we assume that U; is not the empty word. Since U? is a prefix of a, the word
o(U?) is also a prefix of a, and we observe that N is large enough to guarantee that o(U?)
is a prefix of UY. From (10.2), we infer that U"U,U"U; is a prefix of UVN. Let Uy denote the
prefix of U of length |U| — |U;| and Us denote the suffix of U of length |U;|, so that U = Uy Us.
Since UTU,U" U, is a prefix of UY, we deduce that U = U,Uy = UsU,. Consequently, the two
words Us and Us commute. Since U; and Us are two non-empty words, this implies that there
exist a word V and an integer m > 2 such that U = V™. In particular, the sequence a begins
with the word V. This contradicts the fact that U has been chosen with minimal length,
concluding the proof. O

Acknowledgements. We are very much indebted to the referee, who pointed out several
obscure points in a first version of the present text.
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